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ABSTRACT

This paper is the second in a series on the structure of sets of solutions
to systems of equations in a free group, projections of such sets, and the
structure of elementary sets defined over a free group. In the second paper
we generalize Merzlyakov’s theorem on the existence of a formal solution
associated with a positive sentence [Me]. We first construct a formal
solution to a general AE sentence which is known to be true over some
variety, and then develop tools that enable us to analyze the collection of
all such formal solutions.

Introduction

In the first paper in this series on Diophantine geometry over groups we studied
sets of solutions to systems of equations defined over a free group and paramet-
ric families of such sets ([Se]). With a given system of equations we associated
a canonical Makanin—-Razborov diagram. This Makanin-Razborov diagram en-
codes the entire set of solutions to the system. Later on we studied systems of
equations with parameters, and with each such system we associated a (canon-
ical) graded Makanin-Razborov diagram that encodes the Makanin-Razborov
diagrams of the systems of equations associated with each specialization of the
defining parameters.
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In order to prove the correctness of a positive sentence defined over a free
group, Merzlyakov has introduced “formal solutions” [Me]. In the special case of
AFE sentences, Merzlyakov’s theorem implies that if a sentence

Vy Jr X(z,y,a)=1

is a truth sentence, then there exists a formal solution z = z(y,a), so that if
we replace the variables x with their corresponding formal solutions, then each
equation in the obtained system X(x(y, a), y, a) represents the trivial word in the
free group F(y, a), i.e., the free group generated by the universal variables y and
the coefficients a.

To analyze general sentences and predicates, a generalized version of Mer-
zlyakov’s theorem is required. First, we naturally need the sentences and predi-
cates in question to include equalities and inequalities. Second, we need to study
AF sentences and predicates in which the universal variables do not belong to an
entire power set of the free group in question, but rather to some given variety.
To analyze these general AE sentences, we need to associate with the variety to
which the universal variables belong a canonical collection of completions of the
variety, which are built from the (taut) Makanin-Razborov diagram associated
with it. The union of the Diophantine sets defined by the completions associated
with a variety is precisely the variety itself.

Once we define the completions of a variety, we are able to formulate the
required generalization of Merzlyakov’s theorem. We show (Theorem 1.18) that
if a sentence of the form

VyeV dxr X(z,y,a) =1A¥(x,y,a) #1

is a truth sentence, where V is a variety defined by a system of equations using
the variables y and the coefficients a, then there exists a collection of closures
of the completions of the variety V, and with each closure there is an associated
formal solution * = x(s, z,y,a) defined over it, so that each of the words in
the system of equations obtained by replacing the variables x with the formal
solutions & = z(s, 2,y,a) in the system X(z,y,a): X(xz(s, z,y, a),y, a) represents
the trivial element in the limit group associated with the corresponding closure
of the variety V. Moreover, we prove that in a “generic” point in that closure
the inequalities hold as well.

As we will see in the sequel, to get a quantifier elimination procedure for
predicates defined over a free group, we will need tools that encode the entire
collection of formal solutions associated with a given sentence, and not only their
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existence. In the second section we present formal limit groups and their associ-
ated (canonical) formal Makanin—-Razborov diagrams which are built precisely for
that purpose. Indeed, given a truth sentence of the form given above, the formal
limit groups and their associated formal Makanin—Razborov diagrams encode the
entire collection of formal solutions associated with the given sentence.

In the first two sections we study general AE sentences. In the third one
we generalize our constructions to study AE predicates. With an AE predicate
we associate a finite collection of graded completions (i.e., a finite collection of
parametrized families of completions). Given a graded completion, we further as-
sociate with the given predicate a finite collection of graded formal limit groups,
and with each of these limit groups we associate a (canonical) graded formal
Makanin-Razborov diagram. As in our construction of the graded Makanin—
Razborov diagram in the previous paper in this series, the formal graded dia-
gram encodes the entire collection of formal Makanin—Razborov diagrams for all
possible specializations of the defining parameters.

Finally, we would like to thank Mladen Bestvina for his constant help and
valuable comments.

1. Formal solutions

To analyze the structure of elementary sets over a free group, we need to look
at projections of sets that are in the Boolean algebra of AFE sets. Our approach
to study these projections is based on a finite “trial and error” procedure, which
uses extensively the existence of “formal solutions” suggested by Merzlyakov's
theorem. However, unlike the original Merzlyakov’s theorem [Me], one cannot
define a “formal solution” on a general variety in terms of its defining variables.
As we will show in this section, general “formal solutions” are associated with
each of the resolutions that appear in the canonical Makanin—Razborov diagram
associated with the variety, and they are defined not over the variety itself, but
rather on closures of its canonical (finite) set of completions.

Our general approach to proving the existence of formal solutions associated
with a given truth sentence uses the theory of actions of groups on real trees
and the shortening argument. We start this section with (a special case of)
Merzlyakov’s original theorem, which we prove combinatorially, in a similar way
to Merzlyakov’s original argument.

THEOREM 1.1 ([Me]): Let Fy, =< ay,...,ax > be a free group; let

y:(y13'°'1y2) and -T:(xl,...,.’l,'q).
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Let wy(x,y,a) = 1,...,ws(x,y,a) = 1 be a system of equations over F}, and
suppose that the sentence

Vy Jr wi(z,y,e)=1,....ws(z,y,0) =1

is a truth sentence. Then there exists a formal solution © = xz(y, a) so that each
of the words w;(z(y,a),y,a) is the trivial word in the free group F =< y,a >.

Proof:  For a given set of tuples of integers {(a;, 3;)} we define

vi([ow, Bi]) = arag araga; - - arayiay

fori=1,...,¢

Each specialization of y and x defines a tree of cancellations for each of the
equations wi(z,y,a) = 1,...,ws(z,y,a) = 1. On each tree of cancellations we
add notation for the placements of the z-segments, y-segments and a-segments
(the a segments are the coefficients that appear in the equations wr, ..., w,).

Clearly, given the words wi(z,y,a),...,ws(x,y,a) the combinatorics of the
trees of cancellations for any possible specialization are bounded. Setting the
weight of a vertex v in a cancellation tree to be the total number of z, y and a
segments passing through v, then the bounded combinatorics of the trees imply
the existence of a global bound 7 on the sum of the weights of the vertices in
the cancellation trees corresponding to wq(x,y,a),. .., ws(z,y,a) for all possible
specializations of x and y.

Let o = 3(i+1)-7and B = 3(i +2)-7—1, and let ¢¥ = y([a?, B
fori=1,...,4 Let y° = (y§,...,yy). Since the sentence that appears in the

formulation of the theorem is true, there exists some 2° = (29,...,29) so that
wi(2%,y% a) = 1,...,ws(x°, 3% a) = 1. Let Ty,...,Ts be the cancellation trees

corresponding to these last equalities.

By a simple pigeon-hole argument, for each y? there exists some index pl; so
that the segment labeled by a1a2lia1 in y? does not cut any of the vertices in all
the cancellation trees T4, ...,T,.

At this stage for each ¢ = 1,..., ¢ we replace each of the segments alaglial in

all the appearances of y? on the cancellation trees 71,...,T, by a label z;. This
1

replacement allows us to write each of the variables y; as y; = ¢}2;c? for some

constants ¢} and ¢?, and each of the variables z; as a word z; = z;(z1, ..., 24, @).
By the way the segments alagl"al are placed on the cancellation trees T4, ..., Ts;
the words wi(x(2, a),y(z,a), a), ..., ws(x(z,a),y(z, a), a) are the trivial words in
the free group F =< z,a >. Since we can set z; = (c})”~ yi(cg)—l fori=1,...,¢
the theorem follows. |
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As we have already indicated we will need a generalization of Merzlyakov’s the-
orem to a truth sentence defined over an arbitrary (given) variety. We start with
a generalization of Merzlyakov’s theorem to a sentence containing inequalities,
which basically follows from Merzlyakov's proof of his theorem.

THEOREM 1.2: Let Fy, =< ay,...,ar > be a free group, let wi(z,y,a) =
1,...,ws(x,y,a) = 1 be a system of equations over Fj, and let
vi(x,9,a),...,v:.(x,y,a) be a collection of words in the alphabet {z,y,a}. Sup-
pose that the sentence

Vy 3z wi(z,y,a)=1,...,ws(x,y,a) =1 Avi(z,y,a) #1,...,v.(x,y,a) # 1

is a truth sentence. Then there exists a formal solution x = z(y, a) so that each
of the words w;(x(y,a),y,a) is the trivial word in the free group F =< y,a >,
and the sentence

Jy vi(z(y,a),y,a) #1,...,v.(z(y,a),y,a) # 1

is a truth sentence in F},.

Furthermore, if the words wy,...,ws and v1,...,v, are coefficient-free (i.e.,
they are words only in the variables x and y and not in the coefficients a), and
there are at least 2 universal variables, then the formal solution x = x(y,a) can
be taken to be coefficient-free, i.e., x = z(y).

Proof: The first part of Theorem 1.2 follows immediately from the argument
used to prove Theorem 1.1, by first choosing the y;’s as in Theorem 1.1, and then
choosing the x;’s to satisfy both the equalities wy(z,y,a) =1,...,ws(z,y,a) =1
and the inequalities vy (x,y,a) # 1,...,v.(2,y,a) # 1 (such a tuple of z;’s exist
by the assumption of Theorem 1.2 for any possible y’s). The obtained formal
solution satisfies the conclusion of the first part of the theorem.

Suppose that the words wy,...,w,,v1,...,v, are coefficient-free. Let F, =
< u1,...,ug > be a free group of rank k. Let & = #(y, u) be words obtained from
the formal solution = z(y, a) by replacing the coefficients a1,. . ., ax with the new
generators uy,...,u; in correspondence. Since the words wy,...,ws, vy,.. .', Up
are coefficient-free, and the words w;(z(y,a),y) are trivial in the free group
F(y,a), the words w;(Z(y,u),y) are trivial in the free group F(y,a) * F,. Since
there exists a specialization of the variables y, denoted yg, for which
vi(x(yo,a),yo) # 1 in Fy, for all §, 1 < j <7, v;(Z(yo.u),yo) # 1 in F, x F,, for
all j, 1 < j <r, which implies that v;(Z(y,u),y) # 1 in F(y,a) x Fy, for all j,
1<j<r.



178 Z. SELA Isr. J. Math.

If F, is a non-abelian free group, and for every substitution u = #(y) at least
one of the words v;(Z(y, t(y)),y) = 1 in the free group F(y, a), then at least one of
the words v;(Z(y, t(y)),¥) = 1 in F(y,a) x F,,, a contradiction. Hence, there must
exist a substitution u = t(y), for which v;(Z(y,t(y)),y) # 1 in F(y,a), for all j,
1 < j < r, which implies that there exists some specialization of the variables
Y, § € Fy, for which v;(2(3,t(9)),9) # 1 in Fy, for all j, 1 < j < r. Clearly,
since the words w;(Z(y,u),y,a) are trivial in F(y,a) * F,, the corresponding
words w;(Z(y, t(y)), y) are trivial in F(y, a), so the coefficient-free formal solution
x = Z(y, t(y)) satisfies the conclusion of the second part of the theorem. ]

To generalize Merzlyakov’s theorem to arbitrary varieties, rather than the affine
(free) varieties that appear in Theorems 1.1 and 1.2, we need to start by proving
an analogous theorem for surface groups. Unlike AE sentences over general
varieties, in the special case of a surface group a straightforward generalization
of Merzlyakov’s theorem is still valid, and was announced in [Kh-My] (section 5),
who call it “implicit function theorem”.

THEOREM 1.3: Let Fy =< a@1,...,a;r > be a free group, and let u(y) =
[y1,y2] - - [Y2g-1,y2g) for g > 1 or u(y) = y&-»-yg for g > 2 be given. Let
the group @ =< ylu(y) > be the surface group corresponding to the equation
u(y) = 1.

Let wi(z,y,a) = 1,...,ws(x,y,a) = 1 be a system of equations over Fy, and
let vi(z,y,0a),...,v.(z,y,a) be a collection of words in the alphabet {z,y,a}.
Suppose that the sentence

Yy (w(y)=1) 3z wi(z,y,a)=1,...,ws(z,y,a) = 1A
vi(z,y,0) #1,...,v.(x,y,0) # 1
is a truth sentence. Then there exists a formal solution x = x(y, a) so that each

of the words w;(x(y,a),y, a) is the trivial word in the group Q * Fy, =< y,a >,
and the sentence

By U(y) =1A Ul(x(ya a)’ya a) 7& I,.. -vv'r‘(x(yv a)’yva) # 1

is a truth sentence in Fj,.

Furthermore, if the sentence is coefficient-free (i.e., the systems of equalities and
inequalities contain no elements from the coefficient group Fy), then the formal
solution can be taken to be coefficient-free as well, i.e., r = z(y,a) = z2(y).

Proof:  Let S be a surface with fundamental group @ =< y|u(y) >. Let u: Q —
Fy. be a homomorphism with non-abelian image. By recursively applying lemma
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5.13 of [Se], we can find a finite set of non-homotopic, non-boundary parallel,
disjoint s.c.c. on S, ¢1,--.,Cm, SO that each connected component of the surface
S obtained by cutting S along this family of s.c.c. has Euler characteristic -1,
and the fundamental group of each of these connected components is mapped
monomorphically into Fy by the homomorphism .

LEMMA 1.4: There exist two collections of essential, non-homotopic, non-
boundary parallel disjoint s.c.c. on the surface S: b1,...,by and dy,...,d;, and
an automorphism p € Aut(S) with the following properties:

(i) Each connected component S obtained by cutting the surface S along the
first collection of s.c.c. by, ..., by has FEuler charactersitic -1, and the homo-
morphism p o p: Q — Fy embeds the fundamental group of each of these
connected components into F.

(i) Each of the curves d; intersects non-trivially at least one of the curves b;.

(iii) The entire collection of s.c.c. by,...,bg,d1,...,d; fills the surface S, ie.,
SNU{b1,...,bg,d1,...,de} is a disjoint collection of simply connected
domains in S.

Proof: We can choose the collections of curves to be fixed collections of s.c.c.on
the surface S. For orientable surface S we choose the collections

7
'—:_

For non-orientable surfaces S we choose the collections (we draw it for odd
genus, for even genus the picture is similar)

]

S

The collections by,...,by and d,...,d; clearly satisfy properties (ii) and (iii)
of the lemma, each connected component obtained by cutting S along the curves
b1,...,by has Buler characteristic -1, and the fundamental group of each such
connected component is isomorphic to F;. To complete the proof of part (i), note
that if w € @ is a non-trivial element, and if we set p € Aut(S) to be obtained
from large enough powers of the Dehn twists along the curves ¢y,..., ¢y, then



180 Z. SELA Isr. J. Math.

{top maps w to a non-trivial element in Fy. Hence, for appropriately chosen large
powers of the Dehn twists along ¢y, ..., ¢y, po p maps the fundamental group of
each of the connected components obtained by cutting S along the collection of
s.c.c.by, ..., by isomorphically into Fj. |

Let by1,...,bq and dy, ..., d; be the collections of s.c.c. constructed in Lemma
1.4, and let p € Aut(S) be the automorphism chosen so that part (i) of the lemma
holds. For the rest of the proof of Theorem 1.3 we replace the homomorphism
(2 Q@ — Fy, by the composition pop (and denote this composition p). We further
set ¢1,...,94 to be the automorphisms of ¢ that correspond to Dehn twists
along the s.c.c. by,...,bq, and 91,...,9; to be the automorphisms of ¢} that
correspond to Dehn twists along the s.c.c. dy,...,d; in correspondence.

In a similar way to the construction of the JSJ decomposition ([Ri-Se2], 4), we
define the following sequences of automorphisms of the surface group @, {vy,, 7},
iteratively. We set 7 = id., and v to be

¢! [ 2!
vi =Y ohy o--c ot

For every index n > 1 we define 7, to be
_m} _omp my
Tn =¥1 OPy" 0+ 0Pq Olp_1
and

&g 6 &
Vn:d}l sz O"'od)t O Tpn.

Given the sequence of automorphisms {v,, 7} of the surface group Q, we define
the sequence of homomorphisms A,,: ¢ — F} to be a sequence of homomorphisms
of the form

A = po@i®o@s™ o0 oy,

Like in the construction of the JSJ decomposition, our aim in defining the se-
quence of automorphisms {vy, 7, } and homomorphisms {,} is to guarantee that
any action of the surface group @) obtained as a limit of a converging subsequence
of homomorphisms A,,: @ — Fj is a minimal IET action of the surface group @
on the limit real tree. To obtain that goal we need to restrict the sequences of
powers {£',m7,e,} used in the iterative definition of the sequences {VnsTns An}t
to satisfy certain combinatorial conditions, similar to the ones presented in sec-
tion 4 of [Ri-Se2].

Let X be the Cayley graph of the free group Fr =< ai,...,ax >, let Y be
the Cayley graph of the surface group @ (with respect to the generating set
Q =< y1,.--,Ys >), let (Tp,tp) be the Bass—Serre tree corresponding to the
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decomposition of the surface group () along the collection of s.c.c. by, ..., b,
and let (Ty,tq) be the Bass-Serre tree corresponding to the decomposition of the
surface group @) along the collection of s.c.c. dy, ..., d;. We denote by dx, dy, dr;,,
and dr, the natural (simplicial) metrics on X, Y, T}, and Ty in correspondence.

For every element g € Q we set £,(g) = dr, (g(ts), ts). £a(g) = dr,(g(ta), ta). If
g acts hyperbolically on T, we denote by try(g) the trace of the action of g on
Ty, and similarly if g acts hyperbolically on Ty we denote its trace by trg(g). For
an element f € Fy, let trx(f) be the length of a cyclically reduced element that
is conjugate to f in F}, i.e., the “length” of the conjugacy class of f in Fj.

Let Q =< y1,..-,ys >, and suppose that each y; can be written in a normal
form y; = a  ag - aé?(y") with respect to the graph of groups corresponding to
the decomposition of the surface S by the curves dy,...,d;.

Let PR be the set of all prefixes of the words a} aZ, cea @) for all i,
1<i1<s Weset R =1 and R" to satisfy

R >2- max dy(u,id.)
u€PRY1

where R"! is the size of the ball whose elements are going to be “controlled” by
the automorphism v of Q. Setting R"* we define the set HY"* to be

HY" = {g € Qldy(g,id.) < R" A0 <tra(g)}
and the set NF*! to be
NF* = {g € Qldy(g,id.) < R"* A0 < La(g)}.

We define the constants R’ and R~ iteratively. For each g € @ for which
dy(g,id.) < R¥»—* let

_ 1 2 in(vn—1(9))
Vn-1(9) = Gy, ()%, _1(g) " “a, ")

be a normal form of v,,_(g) with respect to the graph of groups corresponding

to the decomposition of the surface S by the curves by, ..., b,.
Let PR™ be the set of all prefixes of the words a}/n_l(g)ain_l(g) . ~ain(_"1"(;;(g))

for all g € @ for which dy(g,id.) < R*»-1. We set R™ to satisfy

™ > 9. ; -1 .
R™ >2 JSax dy ((Vn—-1)""(u),id.)

where R™ is the size of the ball whose elements are going to be “controlled” by
the automorphism 7, of Q). Setting R™ we define the set HY " to be

HY™ = {g € Q|dy(g,id.) < R™ A0 < try(vn-1(g))}
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and the set NEF™ to be
NF™ = {g € Qldy(g,id.) < R™ A0 < Ly(va_1(9))}.

Similarly, for each g € @ for which dy(g,id.) < R™ let

n(rn
Tnlg) = ain(g)azn(g) ... aT:g)(g))

be a normal form of 7,,(g) with respect to the graph of groups corresponding to

the decomposition of the surface S by the curves dy, ..., d,.
Let PR~ be the set of all prefixes of the words aln( g)afn( 9 -aiz((;')‘(g ) for all

g € @ for which dy (g,id.) < R™. We set R"" to satisfy

Yn > 9, —1 id.
R 22 max dy((7a)” (u),id)

where R"» is the size of the ball whose elements are going to be “controlled” by
the automorphism v, of (). Setting R¥» we define the set HY"» to be

HY" = {g € Qldv(g,id.) < R** A0 < tra(ra(9))}
and the set NF» to be
NF* = {g € Qldy(g,id.) < R™ A0 < la(7u(9))}-

Definition 1.5: For every index n and every g € NF'" let

1 2 en(”n— (9))
Vn—l(g) - al/n—1(g)al’n—1(9) T a”n—l(g)l

be the previously chosen normal form of v,,_1(g) with respect to the decomposi-
tion of @ corresponding to the Bass—Serre tree Ty. For every h € NF"» let

(h) = a7, ()07, () - ‘ai:((;'i(h))
be the previously chosen normal form of 7,,(h) with respect to the decomposition
of @ corresponding to the Bass—Serre tree T;. We say that a sequence of auto-
morphisms {v,, 7, } of the surface group @ and homomorphisms A,: Q@ — F}, of
the form given above is a guadratic test sequence if the following conditions hold.
(i) For n > 1 and every b;, 1 <i < ¢

tra((b)™) > 100- 2" max La(b) > @], ()
=r=a dy (g,id.)<R™ j<tn(g)
(ii) Forn > 1 and every d;, 1 <i < t:

try((di)*) > 100+ 2" - max £4(d;) > la(al 1)
== dy (h,id.)<Rvn ,j<én(h)
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(iii) For every n > 1 and every g,9' € NF™:

£a(mn(9))le(vn-1(g"))
a(a(9")) o (vn-1(9))

(iv) For every n > 1 and every g € HY ™
tra(mn(9))€s(vn-1(g)) 1’ « 1

1
100-q-27

—1!<

La(ta(gNtro(va_r(g)) | 100-g-27°
(v) For every n > 1 and every h,h' € NF*~:
Co(vn (M) a(mn(R)) l 1
Cy(vn (W) a(n(h)) 100-q- 27"
(vi) For every n > 1 and every h € HY '~
th(Vn(h))ed(Tn(h)) . ' 1
ly(vn (R))tra(ry(h)) 100-¢- 27"

183

(vii) There exist constants ¢1,c2 > 0 so that for every n > 1 and every h, S

NE 0t (B))dx (). i)
v\Vn X\ n , a.
TS A O Ry id ) b ()

(viii) There exist constants cs,cq > 0so that for every n > 1 and every h € HY "»:

tro(vn(h))dx (An(h), id) _
trx Qa6 (v () 7%

C3

(ix) For every index n, the homomorphism A,: @ — Fj, cannot be factored as
An = vom, where m: Q — @7 is an embedding of @ into the fundamental
group of a surface S; finitely covered by the surface S, and v: @1 — Fi is a

homomorphism, i.e., the homomorphism A,: @ — Fj cannot be extended

to a surface covered by S.

PRrROPOSITION 1.6: There exist quadratic test sequences associated with the

surface group Q.

Proof:  Inequalities (i)—(vi) are essentially identical to the inequalities that
appear in claim 4.7 of [Ri-Se2]. Let A? be the graph of groups obtained by
decomposing the surface group @ along the cyclic groups corresponding to the
s.c.c. bi,...,by. By construction, the homomorphism u: @ — Fi maps every

vertex group and every edge group in A, monomorphically into Fj. The homo-

morphism A,: Q — F}, is defined to be

e e
/\n:llogolno‘“oﬁpqnoyn'
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Hence, given any finite set of elements M C @, there exists some constant e so
that if the exponent e, > e, then for every mi,ms € M for which both v, (m;)
and v, (ms) do not fix the point ¢, € T,

c fb(lln(ml))dx(/\n(mg),id.)
! dX(/\n(ml)aid-)eb(Vn(m2))

where the constants ci, ¢y are independent of the finite set M.

< ¢32,

Similarly, for every element m € M for which try(v,(m)) > 0,

try(vn(m))dx (An(m), id.)
“ S T D) bvam))

where the constants c3, ¢4 are independent of the finite set M, and the last two

inequalities imply the inequalities (vii) and (viii) for high enough exponent e, in
the definition of the homomorphisms A, .

Fixing the index n, to construct a homomorphism A,, that satisfies properties
(i)—(viil) and does not factor through the fundamental group of any surface cov-
ered by the surface S (with fundamental group @), we fix the automorphisms
(1, T ) of the surface group @, and suppose that there exists an increasing se-
quence of exponents {e/ };”;1 for which the homomorphisms

i J J
M =pogpl o--ropg ovy

do factor through the fundamental group of surfaces covered by the surface S.
Since up to isomorphism there are only finitely many possibilities for a couple
(Q,Q1), where Q < Q1 and @ is the fundamental group of a surface covered by
the surface S, w.l.o.g. we may assume that all the homomorphisms {\} factor
through a (fixed) surface group @, which is the fundamental group of a surface
S finitely covered by the surface S. So each homomorphism M: Q — Fj factors
as M = 49 o where m: Q@ — Q) is an embedding, and v/: Q; — Fy is a
homomorphism.

From the sequence of homomorphisms ¥/: Q; — Fjx we can extract a
subsequence converging into a faithful action of the surface group @; on some
real tree Y. Since each homomorphism 47 is an extension of the homomorphism
M: Q — Fy, and since by the structure of the homomorphisms {\: Q — Fj} the
finite index subgroup @ < @ acts discretely on the limit tree Y, the surface
group @ acts discretely on the limit tree Y. Furthermore, since every edge
stabilizer in the action of @ on Y, is conjugate to a cyclic subgroup generated
by one of the s.c.c. b;, each edge stabilizer in the action of Q; on Y, is conjugate
to a maximal cyclic subgroup containing the element b; in the surface group ¢;.
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Let A? be the decomposition of the surface group @ along the s.c.c. by, ..., by,
and let A,QO‘Q be the graph of groups corresponding to the action of ¢; on the
limit tree Ya,. By the structure of the homomorphisms A: Q — F}, every vertex
group in AbQ fixes a point in Y, so it is contained in a vertex group in the graph
of groups Ag;

The map 7: S — S; corresponding to the embedding #: QQ — @; is a covering
map. Since @ is the fundamental group of a surface S;, and since A%‘o is
a graph of groups with cyclic edge stabilizers, each vertex group in Ae; is a
subsurface of S;. Let S be a connected component of the set S~ (J{b1,...,b,}.
By construction x($) = —1, and Q = 7,(5) is conjugate to a vertex stabilizer in
A?. Q) fixes a point in Y, so it can be conjugated into a vertex group in Ag;
Let @1 be that vertex stabilizer, and let S7; be the subsurface of S; for which
Q1 = 7r1(5’1). The covering map m: S — 57 maps the subsurface S into the
subsurface Sy, and the boundary of Sis mapped to the boundary of S;. Since in
addition x(S) = —1, then, necessarily, the covering map = maps the subsurface
S homeomorphically onto the subsurface Sy.

Since the restriction of the covering map 7 to each subsurface S is a homeo-
morphism, and since every edge stabilizer in A? is also contained in some edge
stabilizer in A?;, the closed surface S must be a subsurface of the closed surface
S1, which clearly implies that S = S;. Hence Q = Q;, a contradiction to the
construction of the sequence M. Therefore, we can choose an exponent e,, as
large as we like so that the homomorphism

An = po @t o-ropit oy,

does not factor through the fundamental group of any cover of the surface group
S, and we get part (ix) in Definition 1.5. ]

PROPOSITION 1.7: Let the sequence of automorphisms of @, {v,,7,} and ho-
momorphisms {A, : Q@ — Fy} be a quadratic test sequence. Let g,g' € Q) be
non-trivial elements, and suppose max(dy (g,d.),dy(g’,id.)} < RYs. Then there
exist constants const g’ constg g constg, const;} > 0 (depending on g and g¢') so
that for every index n > s+1

1 dx (Anlg). id.) 2
consty o < —————()\n( Nid) < const%g/,

3 _trx(Malg)) 4

constg -——————()‘ (g),id.) < constg
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and n(a))
trx (A, g)

1 rx{Anlg))

constg’g, < tTX(/\n(g’))

Proof: If max(dy(g,id.),dy(g’,id.)) < RYs then max(dy(g,id.),dy(g’,id.)) <

min{R™, R¥) for every n > s. Since the sequence {vn, T, An} is a quadratic

2
< constgqg,.

test sequence, the last inequality implies that the inequalities listed in Definition
1.5 apply to v(g) and v{g’) for every n > s.

Let S be the surface with fundamental group .  Since the curves
bi,...,bg,d1,...,d; were chosen to fill the surface S, every element u € @, u # 1,
acts hyperbolically on either the Bass—Serre tree T}, or the Bass—Serre tree Tj.
Since in addition max(dy(g,%d.),dy(¢’,id.)) < min(R™, R¥~) for every n > s,
each of the elements g, g’ belongs to either HY =+! or HYV=+. Therefore, in-
equalities (iii)—(viii) that appear in Definition 1.5 hold for the couple (g, g’) for
every n > s+ 1. Now, from the combination of inequalities (iii), (iv), and (vii)
of Definition 1.5, we get the inequality that relates the lengths of the elements
An(9), An(g'):

dX (/\n (9)7 ld)
dX ()‘n (g,)’ id')

From the inequalities (v), (vi), and (viii) of Proposition 1.5 we get the inequality

1 2
constg,g, < < constg’g, .

that relates the trace and length of a single element g:

const® < trx (An (g))

AN t4,
9 Tx Pulg),idy = s

and the combination of the above two inequalities gives us the third inequality
on the ratio of the traces of two given elements g, g:

trx (An(9))

2 < const? . [ |
trx(An(g") 99

1
constg’g, <

Once we have constructed quadratic test sequences we are ready to complete
the proof of Theorem 1.3. With the notation of Theorem 1.3, suppose that the
sentence

Yy (u(y)=1) Jz wi(z,y,a)=1,...,w(z,y,a) =1 Avi(x,y,0) # 1,
o p{zyy,a) #1
is a truth sentence.

By Proposition 1.6 there exists a quadratic test sequence associated with the
surface group @, so let {vy, 7, A\n} be such a quadratic test sequence. Since
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by the assumptions of the theorem, for every possible specialization of the vari-
ables y obtained from a homomorphism from @ to the free group Fj there exists
a specialization for the variables x, so that the given equalities wy(x,y,a) =
1,...,ws(z,y,a) = 1 and inequalities vi(z,y,a) # 1,...,v.(z,y,a) # 1 are ful-
filled, given the specializations A, (y) we can choose z,, to be the shortest possible
elements, with respect to the metric on the Cayley graph of the coeflicient free
group Fj, for which

W1 (T A (y) @) = 1, . we (T, An(y),a) = 1A
AL (Zn, An(Y)sa) # 1y vp (T, An(y), a) # 1.

By possibly passing to a subsequence {still denoted {(z,, A.(y),a)}), we may
assume that the sequence of specializations {(z,, An(y), @)} converges to an action
of a limit group on some real tree Y,,. We call the limit group into which the
sequence converge, a quadratic test limit group and denote it QT L(z,y,a).

Since the quadratic test limit group QT L(z,y,a) was constructed using a se-
quence of elements {(x,,\,(y),a)} for which the equalities wy(zy, An(y),a) =
L...,ws(zn, An(y), @) = 1 are fulfilled, the words w(z,y,a),...,ws(z,y,a) rep-
resent the trivial words in the guadratic test limit group QT L(z,y, a). Similarly,
the words vi(z, y,a), ..., vy (2, y, @) represent non-trivial elements in QT L(z, y, a).

Since the sequence {vp,Tn, Ay} is a quadratic test sequence, Proposition 1.7
implies that the sequence of specializations {A,(y)} converges to the surface
group ), hence Q < QT L(x,y,a). By the same proposition, either the subgroup
Q fixes a point in the limit tree Yo, or it acts freely on Y. Since @ is a surface
group, if @) acts freely on Y, then @ acts freely on some IET component of the
limit tree T,. Since by property (ix} of a quadratic test sequence (Definition
1.5) the homomorphisms A,: @ — Fy do not factor through the fundamental
group of a surface that is finitely covered by the surface Sg corresponding to the
subgroup @, if @ is not elliptic in the real tree ", then the subgroup (stabilizer)
of the IET component of Y, on which @ acts in QT L(x,y,a) is Q itself.

Suppose that the surface subgroup @ fixes a point in the limit tree Y. If
the real tree Y, contains either an axial component, an IET component, or an
edge with non-trivial (hence, abelian)} stabilizer in its discrete part, then the
shortening argument presented in [Se], [Ri-Sel] and [Be] implies that there exists
an automorphism 7 of the limit group QT L(z,y,a) for which:

(i) 7 fixes (elementwise) the subgroup @ and the coefficient group Fj,

(ii) for large enough n, w;(7(x,), An(y),a) = 1 for all 4 = 1,...,s and

vi(T(xn), Any)a)y #Flforall j=1,...,r,



188 Z. SELA Isr. J. Math.

(i) 7(zy) is strictly shorter than z,,
which clearly contradicts our choice of the specializations z, to be the short-
est possible. Hence, the limit tree Y., contains no axial components, no IET
components and all the edges in the discrete part of Y, have trivial stabilizers.

Let Ay_ be the graph of groups associated with the action of QTL on the
limit tree Y,,. By construction, in case the surface group @} fixes a point in
the limit tree Y, both subgroups @ and F} fix the same point in the real tree
Yoo, hence they are contained in the same vertex stabilizer in the graph of groups
Apr_ . Since the limit group QT L acts non-trivially on the real tree Y, and since
Y. contains no axial components, no IET components, and all the edges in the
discrete part of Y, have trivial stabilizers, the graph of groups Ay, corresponds
to a non-trivial free decomposition of the limit group QT L. Since both @ and
F}, fixes the same vertex in Ay_, both @ and Fy, are contained in the same factor
in the free decomposition of QT'L associated with Ay,_.

Let QTL = H x By x--- % By x F be the most refined (Grushko's) free decom-
position of the limit group QT L in which < @, Fy >< H, the factor F is a free
group, and the factors By,..., B; are freely indecomposable and non-cyclic. By
the argument presented above this free decomposition is non-trivial. Suppose
that ¢ > 1, i.e., that there exists a factor in this free decomposition that is not
free and does not contain the subgroup < @, Fx >. In this case we modify the
sequence of specializations {(xn, A\, (y),a)} so that it factors through a proper
quotient of QT L.

For each index ¢, 1 < i < t, let b; be a set of generators of the factor B;, let
hi, ..., hy be aset of generators of H, and let f be a free basis of the free factor
F (if this factor is non-trivial}). With each specialization (x,, An(y),a) from our
given sequence, we associate the corresponding specialization of the generators
hi,..., hm, which we denote h™. With the specializations h™ and A,(y) we

further associate specializations of the generating sets b',... b

in (new) free
groups Fy,..., F; in correspondence, where each such free group is isomorphic
to the coeflicient free group Fj. We denote these specializations 4" and choose

them to satisfy

w1 (z(h™, 0™, ), M(y),a) = 1,.. ., ws(z(R™, 07, f), An(y). @) = 1A
Avr(z(R™, 07, ), An(y),a) £ 1, .. (2 (R™, 07, ) An(y), a) # 1
in the free group F, x Fy % ---* F; * F', and among all such specializations of the

generating set bl,... b" we choose specializations for which the specialization of
the generating set bt is the shortest possible (with respect to the metric on the
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free group F;). Note that since the words w;(x,y,a) are trivial in QT L, and for
every index n there exists a specialization (z,, A, (y), @) in the original free group
F}, that factors through QTL and satisfies the inequalities v;(x,y,a) # 1, such
specializations of the generating sets b, ..., b* in the limit group Fy*Fy*- - -« FyxF
do exist.

By possibly passing to a subsequence, we may assume that the sequence of
specializations of the generating sets bl,...,b' converges. In particular, the se-
quence of specializations of the generating set b* of the factor B; converges into
either the trivial group or it converges into an action of a limit group B; on some
real tree T, and since all the specializations of b! are specializations of the fac-
tor By, B; is a quotient of B;. Furthermore, since the specializations of bt were
chosen to be shortest possible, the real tree T,, contains no axial components,
no IET components, and the stabilizer of all the edges in its discrete part are
trivial. Hence, B, is either trivial or cyclic or free or it inherits a non-trivial free
decomposition from its action on Ti,. Therefore, if we set QT L, to be the group
D% By *---% By x F, then QTL, is a proper quotient of QTL.

From the descending chain condition for limit groups ([Se], 5.1), after repeat-
ing this construction finitely many times we may assume that the sequence of
specializations {(x,.,A,(y),a)} converges into an action of a quadratic test limit
group (still denoted) @TL on some real tree Yo, and either the surface group @
is not elliptic when acting on Y, or the Grushko's free decomposition of QTL in
which < @, Fy, > is elliptic is of the form H = F, where F' is a free group.

Suppose the subgroup @ < QTL is still elliptic when acting on Y,.. In this
case we modify the sequence of specializations of QT'L. Let hy,...,h, be a
generating set of the factor H, and let f be a generating set of the free factor F.
With each specialization (z,,, An{y),a) from our given sequence, we associate a
specialization of the generators hy,...,h,,, which we denote A", which restricts
to A, (y) on the subgroup @ < QTL, that satisfies

wi(z(R™, ), An(y)a) = 1,... ws(z(h™, f), An(y), @) = 1A
Avr(z(h™, f), An(y) @) # 1, on(2(R f), An(y), @) # 1

in the free group Fj * F, and among all such specializations of the generating
set hy,...,hm we choose specializations A" which are the shortest possible with
respect to the metric on the coefficient group Fy.

By possibly passing to a subsequence, we may assume that the sequence of
specializations {h"} converges into an action of a limit group H on a real tree
To- By construction, Fy and @ are subgroups of H,and H is a quotient of H.
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If Q fixes a point when acting on T, then by the argument used for the analysis
of QTL on Yu, H admits a non-trivial free decomposition in which the subgroup
< Q, F > is contained in a factor, so His necessarily a proper quotient of H.
Hence, if we set the limit group QT'L; = H « F, then QT L, is a proper quotient
of QTL.

Therefore, from the descending chain condition for limit groups ([Se], 5.1),
after repeating this construction finitely many times, we may assume that the
sequence of specializations {(xy, A, (y), @)} converges into an action of a quadratic
test limit group (still denoted) QTL on some real tree Y, and the action of the
surface group @ is not elliptic when acting on Y.

By Proposition 1.7, if @ is not elliptic when acting on the limit tree Y,
then @ acts freely on Y. Since @ is a surface group, and the homomorphisms
An: Q@ — Fy do not factor through the fundamental group of a surface finitely
covered by @, @ must be the stabilizer of an IET component in the limit tree
Y. Hence, the quadratic test limit group, QT L, admits a free decomposition of
the form

QIL=Q*UxByx---xB;xF

where Fy, < U, the B;’s are non-cyclic freely indecomposable, and F is a (possibly
trivial) free group. By iteratively modifying the specializations of the subgroup
UxBy*-- % By x F, precisely as we modified the specializations of QT L in case @
is elliptic when acting on Y,,, we end up with a quadratic test limit group (still
denoted) QTL of the form QTL = @« Fj, « F.

By the construction of a quadratic test limit group, the words w;(z,y,a) =1
in QTL = Q+ Fy+ F for all 4, 1 < i < s, and the words v;(z,y,a) # 1 in
QTL = Q x Fy x F for all j, 1 < j < r. Hence, there must exist a retract
n: QTL — Q * Fy, for which w;(n(z),y,a) =1 and v;(n(x),y,a) # 1 in @ * Fy,
for all possible indices ¢ and j. Hence, we have found a formal solution for our
given sentence, n(x) = u(y, a), in the free product @ x Fj, which proves the first
part of Theorem 1.3.

Suppose the given sentence is coefficient-free. Repeating our modification of
the quadratic test limit group QT'L in the coefficient-free case, we end up with a
quadratic test limit group of the form QTL = @ % F, where F is a free group. In
this case there must exist a retract v: QT L — @, for which w;(n(x),y,a) =1 and
v;(n(x),y,a) # 1 in Q, for all possible indices 7 and j. Hence, we have found a
coefficient-free formal solution for our given coefficient-free sentence, v(z) = u(y),
in the surface group @, and we finally conclude the proof of Theorem 1.3. ]

Theorem 1.3 generalizes Merzlyakov’s theorem to quadratic equations. To get
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a general form of Merzlyakov’s theorem we will also need a generalization to a
free abelian group.

PROPOSITION 1.8: Let F, =< ai,-...,a; > be a free group, and for some n > 1
let u( jy(y) = [y y;] for 1 < i < j < n. Let the group Y, =< ylu(y) > be the
corresponding free abelian group on n generators.

Let wy(x,y,a) = 1,...,ws(x,y,a) = 1 be a system of equations over Fy, and
let vi(z,y,a),...,v-(x,y,a) be a collection of words in the alphabet {z,y,a}.
Suppose that the sentence

vy (u(y)=1)Ir wi(zr,y,a)=1,...,ws(x,y,a) =1 Avi(z,y,a) # 1,

vz, y,a) £ 1
is a truth sentence.
Then there exist finitely many free abelian groups of rank n, Z}, ..., Z, where
Zi =<z .. .2 > fori =1,...,¢, together with { monomorphisms v;: Y,, —

Z:, for which v;(Y,) is a finite index subgroup in Z¢, and ¢ formal solutions
{z; = z;(z*,a)} with the following properties:
(i) Each of the words w;(z;(2%, a),y, a) is the trivial word in the group Z} * Fy,
and the sentence

35 ([z;,:jr] =1,0<j<ji <n)A vl(x(::i,a),y, a) # 1,
coave(z(2tha),y,a) # 1

is a truth sentence in Fy,.

(ii) With each monomorphism v;: Y,, = Z. one can naturally associate a Dio-
phantine system X; of n equations in n variables, setting each of the y;’s to
be equal to a linear combination of the elements (z%,. .., z¢) corresponding
to v;(y;), where we view 2%,...,z¢ as variables.

With each gystem Y; we can associate the set of (integer) tuples
(y1,.-.,yn) that are obtained as combinations of tuples of integers
24, ...,z%. Since the homomorphisms v; map the group Y, into a finite
index subgroup of Z!, the determinants of the systems ¥; are non-zero,
hence for each system ¥; this collection of the obtained (integer) tuples
{(y1,.-..yn) is a finite index subgroup of the free abelian group of rank n,
Z™. We denote the corresponding subgroup C;. Then the union of these
subgroups C', ..., Cy covers the entire free abelian group of rank n, Z™.

Equivalently, as the referee has pointed out, the images from the dual
spaces of the various groups Z!, to the dual space of Y}, cover the dual space
ofY,.
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Proof:  As in the proof of Theorem 1.1, for each couple of positive integers {c, 8)
let

atl. . g af
2

Mo, B]) = ara5asa ayasy.

For each positive integer m, we set 7y, to be v, = A([1, m]).
We say that a sequence of n + 1-tuples of positive integers

{(900): 01(3), - - - (5))}521

is an abelian test sequence, if the sequence {go(j)}32, is a strictly increasing
sequence, and for every index j

7-90(7) <@1(G),J - a1(G) < q2(d)s--1d gn-107) < gu(4)-
Given an abelian test sequence we set

n (@) =720 () =)
Since by the assumptions of the proposition, for every possible specialization
of commuting y’s there exist specializations for the variables x, so that the
given equalities wi(z,y,a) = 1,...,ws(x,y,a) = 1 and inequalities vy (z,y,a) #
1,...,v.(z,y,a) # 1 are fulfilled, given the specializations y,(J), ..., ¥n(j) we can
choose z(j) to be the shortest possible element for which

wi(2(5),4(5)a) = 1,..., ws(2(4), y(4), @) = 1A
A ((5),y(5)a) # 1, .., v (2(5),¥(9), @) # L.

If the sequence of specializations {(z(j),y(j),a)} corresponding to an abelian
test sequence converges, we call the obtained limit group an abelian test limit
group. On the collection of abelian test limit groups we define a natural partial
order. We say that an abelian test limit group ATL,(x,y,a) is bigger than
an abelian test limit group AT Lqo(z,y,a), if there exists a proper epimorphism
n: ATLy(z,y,a) = AT Ly(x,y,a) that maps the generators {z,y,a} of ATL; to
the corresponding generators of AT Ls.

By the arguments used in constructing the Makanin-Razborov diagram of a
limit group (see lemmas 5.4 and 5.5 in [Se]) there exist mazimal abelian test limit
groups with respect to the collection of all possible abelian test sequences, and
in fact there is a canonical finite collection of maximal abelian test limit groups
with respect to the entire collection of all possible abelian test sequences, which
we denote MATLy(z,y,a),..., MATL,(z,y,a).
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Since the maximal abelian test limit groups
MATL:(x,y,0),..., MATLy(2,y,a)

were constructed using sequences of elements {(x(j), y1(5), - - -, ¥n(4))} for which
the equalities wy(x,y,a) = 1,...,ws(x,y,a) = 1 are fulfilled, the words

wi{z,y.a), ..., ws(z,y,a)
represent the trivial words in the maximal abelian test limit groups
MATL(z,y,a),..., MATLyz,y,a)

and similarly the words vi{z,y,a),...,v.(x,y,a) represent non-trivial elements
in the maximal abelian test limit groups. Since the sequences {y(j)} are abelian
test sequences, for each maximal abelian test limit group, < y >< MATL; is a
free abelian group of rank n.

We continue by looking at a sequence of specializations {(z(j),y(j),a)} that
converges into an action of one of the maximal abelian test limit groups, which we
denote M AT L(x,y,a), on some real tree T,,. Suppose that the subgroup < y >
< MATL(z,y,a) fixes a point in the limit tree T,,. If the real tree Ty, contains
either an axial component, an IET component, or an edge with non-trivial (hence,
abelian) stabilizer in its discrete part, then the shortening argument presented in
[Se], [Ri-Sel] and [Be] implies that there exists an automorphism 7 of the limit
group M ATL(z.y,a) for which

(i) 7 fixes (elementwise) the subgroup < y > and the coefficient group F,

(ii) for large emough j, wi(v(z(4)),y(j),a) = 1 for all i = 1,...,s and

vi(T(x(j)),y(§),e) # 1 forall j=1,...,r,
(iii) T(x(y)) is strictly shorter than x(j),

which clearly contradicts our choice of the specializations z(j) to be the shortest
possible. Hence the limit tree T, contains no axial components, no IET compo-
nents and all the edges in the discrete part of T, have trivial stabilizers, which
implies that the maximal abelian test limit group M ATL(z,y, a) admits a non-
trivial free decomposition in which the subgroup < y,a > is contained in one of
the factors.

In this case we continue as in the proof of Theorem 1.3. Let MATL =
H x By x -+ x B, x F' be the most refined (Grushko’s) free decomposition of
the limit group M ATL in which < y,a >< H, the factor F is a free group, and
the factors By, ..., B; are freely indecomposable and non-cyclic. Suppose that
t > 1, i.e., that there exists a factor in this free decomposition that is not free and
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does not contain the subgroup < y,a >. In this case we modify the sequences of
specializations {(x(j),y(j),a)} that factor through M ATL(xz,y,a) so that they
all factor through a finite collection of proper quotients of M AT L(z,y, a).

For each index i, 1 < ¢ < t, let b; be a set of generators of the factor B;,
let hy,..., hy be a set of generators of H, and let f be a free basis of the free
factor F (if this factor is non-trivial). Given a sequence {(z(j),y(j),a)} that
factors through M ATL(xz,y,a), with each specialization (x(j},y(j), a) from the
given sequence we associate the corresponding specialization of the generators
hi,..., hm, which we denote k7. With the specializations hJ we further associate
specializations of the generating sets b!,...,b% in (new) free groups Fi,..., Fy in
correspondence, where each such free group is isomorphic to the coefficient free
group Fj. We denote these specializations &/, and choose them to satisfy

wi@(h, 0, £),y().a) = L. wla (k. ¥, £),y(5). @) = 1A
Aor (2 (B, 6, £),y(5),a) # 1, .. vn(@(h, B, £),y(3),a) # L

in the free group Fj « Fy *---x F} « F, and among all such specializations of the
generating set bl,...,b! we choose specializations for which the specialization of
the generating set b® is the shortest possible (with respect to the metric on the
free group Fy).

By our standard arguments (lemmas 5.4 and 5.5 in [Se]), the collection of all
convergent sequences of these modified specializations {(z(h?, ¥, f),y(j), a)} fac-
tor through a finite collection of maximal limit groups which we (still) denote
MATLy(z,y,a),..., MATLy(z,y,a). Let {(z(h7,¥, f),3(j),a)} be a sequence
that converges into one of these maximal limit groups M AT L;(x,y,a). In par-
ticular, the sequence of specializations of the generating set b® of the factor B;
converges into either the trivial group or it converges into an action of a limit
group B, on some real tree R, and since all the specializations of b* are spe-
cializations of the factor By, Bt is a quotient of B;. Furthermore, since the
specializations of b* were chosen to be shortest possible, the real tree Ro, con-
tains no axial components, no IET components, and the stabilizer of all the edges
in its discrete part is trivial. Hence B, is either trivial or cyclic or free or it in-
herits a non-trivial free decomposition from its action on Rs,. Therefore, each
of the limit groups M AT L;(x,y, a) is a proper quotient of the original maximal
abelian test limit group M ATL(z,y,a).

From the descending chain condition for limit groups ([Se], 5.1), after repeating
this construction finitely many times we may assume that the sequences of spe-
cializations {(x(j).y(7),a)} factor through a finite collection of maximal abelian
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test limit groups (still denoted) M ATL,(x,y,a),..., MATLy(z,y,a), and the
Grushko’s free decomposition of each of these limit groups in which the subgroup
< y,a > is elliptic is either trivial, or it is of the form H x F, where F' is a free
group, and < y,a >< H.

We continue by modifying the sequences of specializations that factor through
the maximal abelian test limit groups M AT Ly(z,y,a),..., MATLy(x,y,a). Let
hi,...,hy be a set of generators of H, and let f be a free basis of the free
factor F (if this factor is non-trivial). Given a sequence {(z(j),y(j),a)} that
factors through M AT L;(r,y, a), with each specialization (x(j), y(j), a) from the
given sequence, we associate the corresponding specialization of the generators
hi,..., hy,, which satisfies

wi(@(W, f),y()a) = 1, ws(x(W, £).y(5),a) = 1A
Aoy (e(h, £ y(7) @) # Lo on(a (R, £),y(5), ) # 1

in the free group Fy * F', and among all such specializations of hq,...,hy, we
choose specializations that are the shortest possible (with respect to the metric
on the free group F},), which we denote h7.

The collection of all convergent sequences of these modified specializations fac-
tors through a finite collection of maximal abelian test limit groups that are
quotients of M ATL;(x,y,a). If they are proper quotients we continue with
these modifications. By the descending chain condition for limit groups ([Se],
5.1), after finitely many steps we obtain finitely many maximal abelian test
limit groups (still denoted) M AT L (z,y,a),..., MATLy(z,y,a), each of the
form MATL;(x,y,a) = H; x F;, where F; is a (possibly trivial) free group,
< y,a >< H; and H; admits no (non-trivial) free decomposition in which the
subgroup < y,a > is contained in a factor. Furthermore, for each sequence
of specializations {(x(h’, f),y(j),a)} that factor through a maximal test limit
group M ATL;(z,y,a), the specializations A/ of the generators of the factor H;
are the shortest possible among the specializations that satisfy the equalities and
inequalities

wi(z(h, £),y0), ) = 1,...,wlz(W, Fl.y(),a) = 1A
Av(z(R, £).y(5),a) # 1, ... oe(x(R, £),y(4), a) # 1.

At this point we look at a sequence of specializations {(x(j), y(j), @)} that con-
verges into a faithful action of a maximal test abelian limit groups M AT L;(x, y, a)
= H,;*F; on a (pointed) real tree (Too, o). Since the factor H; is assumed to have
no (non-trivial) free decomposition in which the subgroup < 3, a > is elliptic, and



196 Z. SELA Isr. J. Math.

for every index j the specialization h’ of a {fixed) generating set of the factor H;
was chosen to be shortest possible, the subgroup < y,a > does not fix a point
when acting on the limit tree T,. Furthermore, by the structure of an abelian
test sequence, this implies that the subgroup < y1,...,yn—1,a > fixes the base
point tg € T, when acting on the real tree To, y, acts hyperbolically on the
real tree T, and the (free abelian) subgroup < #1,...,yn—1 > fixes the segment
[t0, Yn(to)] C Two, where tq is the base point of the limit tree To.

Since the stabilizer of the segment [to, yn(t0)] C T is non-trivial, the segment
[to, ¥n(to)] is either contained in an axial component of the tree Ty, or it is
contained in the discrete part of T, and all the edges that are contained in the
segment [tp, yn(to)] have a non-trivial stabilizer that contains the free abelian
subgroup < y1,...,¥n—1 >, and these edge stabilizers stabilize (pointwise) the
entire axis of y, in T.

In case the segment [to, yn(to)] is contained in an axial component of T, the
factor H; < MATL; admits the amalgamated product H; = V %45, Ab, where
<Yl ey Yno1 >< Aby, and y, € Ab but y, ¢ Aby.

In case the segment [to, y, (to)] is contained in the discrete part of T, the graph
of groups associated with the action of H; on the real tree Tt contains a circle in
which all the edge groups are some abelian subgroup Aby, < y1,...,Yn—1 >< Aby,
and all the edges in the segment [tg, yn(t0)] are in the orbit of edges contained in
this circle. Since y,, acts hyperbolically on T, yn ¢ Ab;. In this case, the Bass—
Serre generator, bs, associated with the circle in the graph of groups associated
with the action of H; on Ts can be chosen to commute with the subgroup Ab;,
yn €< Aby,bs >= Ab, and H; admits an amalgamated product of the form
Hi =V * Aby Ab.

Therefore, in both cases H; = V x4p, Ab, ¥1,...,Yn—1 € Ab1, yn ¢ Ab;, and
the abelian group Ab is the direct sum Ab = Ab; + U for some abelian subgroup
U < Ab.

We continue by fixing a generating set for V, vy, ..., vp,. We further modify the
sequences of specializations that factor through the maximal abelian test limit
groups MATL;(z,y,a). Recall that MATL; = H; x F;. Let f be a free basis of
the free factor F; (if this factor is non-trivial). Given a sequence {(x(j),y(j),a)}
that factors through M AT L;(x,y, a), with each specialization (z(j), y(j), @) from
the given sequence we associate the corresponding specialization of the generators
V1,...,Um, which we denote ©/, and a specialization of the element z,, denoted

z]

J . which satisfies

wy(@(v?, 23, £),9(7) @) = 1, ws(a(h, 2, £), 9(5),0) = 1A
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/\Ul(x(hjvz}iw f)vy(])va) 7é 1,.. .,vT(x(hj,z{L, )’y(j)va) 7é 1

in the free group Fy x F;, and among all such specializations of vy,..., v, we
choose specializations that are the shortest possible (with respect to the metric
on the free group F}), which we denote v7.

The collection of all convergent sequences of these modified specializations
factor through a finite collection of maximal abelian test limit groups that are
quotients of M ATL;(x,y,a). By the descending chain condition for limit groups
([Se], 5.1), after finitely many steps of this “uncovering” procedure, we obtain
finitely many maximal abelian test limit groups (still denoted)
MATL(x,y,a),..., MAT L;(x,y,a), each of the form

MATLZ(II, Y, (1) = Fk * AbZ * FL'

where F; is a (possibly trivial) free group, and < yi,...,y, > is a subgroup (of
rank n) of the free abelian group Ab;.

By basic properties of f.g.free abelian groups, since for every index 7 the sub-
group < yi,...,Yn > is a subgroup of rank n of the abelian group Ab;, Ab; can
be written as a (possibly trivial) direct sum

Ab; =< :i,...,zfl>+<u§,...,uii>

where < yi,...,y, > is a finite index subgroup in < zi,...,z5 > and the
(possibly trivial) subgroup < wi,...,u} > is a direct summand of rank s.

By the construction of the maximal test abelian groups, M ATL;(x,y,a), the
words wq(x,y,a), ..., ws(x,y,a) represent trivial words in M AT L;(z,y,a), and
each of the words vy (x,y,a),...,v.(x,y,a) represents a non-trivial element in
MATL;(z,y,a). Hence, if for each index i, we denote the direct summand
< zi, R zfl > by rAb;, then for each i there must exist a retract

n;: MATL;(x,y,a) = Fy, x Ab; x F; — Fj, x 7 Ab; + F;

obtained by mapping each of the basis elements u, ..., u¢ into multiples of the
element y;, for which the elements n;(vi(z,y,a)),...,ni(v-(2,y,a)) are non-
trivial elements in n;(MTL;).

We continue by replacing each of the maximal abelian test limit groups
MATL;(x,y,a) by its retract n;(MTL;(x,y,a), and for brevity we (still) denote
each of the obtained retracts M AT L;(z,y,a).

Since the maximal abelian test limit groups

MATL(x,y,qa),...,MATLyz,y,a)
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were constructed using sequences of elements {(x(j),y1(j),--.,yn(4),a)} for
which the inequalities

ni(@(5),y0),a) #1,...,vn(2(5), y(§).a) #1

are fulfilled, for each i, 1 < ¢ < ¢, there exists a specialization of the elements
f1,..., fa, for which there exists a specialization of the generators of the free
abelian group < z%,...,2¢ > so that all the inequalities

vi(z,y,a) #1,.. ., v.(z,y,a) # 1
are fulfilled. Therefore, setting Z¢ = rAb;, we have found epimorphisms
Tit MATL;(x,y,a) — Fy, *x Z,

for which
(1) 7; embeds the subgroup Y, into a finite index subgroup of Z¢,
(2) the words wq(z,y,a), ..., ws(x,y,a) are trivial in M AT L;(z, y, a) for every
i, hence, these words are mapped by 7; to the trivial element in F}, x Z?,

(3) for each i there exists some specialization of z¢ so that the inequalities

vi(z,y,a) # 1,...,v.(2,y,a) # 1 are fulfilled.

The properties of the rank n abelian groups Z} stated above prove part (i)
of the proposition. With each monomorphism v;: ¥,, — Z% one can naturally
associate a Diophantine system X; of n equations in n variables, setting each of
the y;’s to be equal to a linear combination of the elements (2%,...,2%) corre-
sponding to v;(y;), where we view z%,..., 2% as variables. With each system ¥;
we associate the set of (integer) tuples (yi....,Yn) that are obtained as combina-
tions of tuples of integers z¢,...,2%, which is a finite index subgroup of the free
abelian group of rank n that we denote C;.

Suppose that the union of the subgroups C; does not cover the whole free
abelian group of rank n, Z". Under this last assumption there must exist an
element § € Z™ so that § ¢ C; for i = 1,...,£. If for each index i the subgroup
C; is a subgroup of index ind; of Z”, then for every element v € Z™ the element

indy -indy - ... indg-v+ G ¢ C;

for every index i, 1 < 1 < {. Therefore, there exists an abelian test sequence of
integers {(go(3),41(4), - - -, qn (7))} for which there is no convergent subsequence of
corresponding elements {(x(7), y(7), @)} that factors through any of the maximal
abelian test limit groups M AT Ly(x,y,a),..., MAT L(z,y, a), which contradicts
their universal property. ]
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For completeness, we bring a formulation of Proposition 1.8 for free abelian
groups with constants, i.e., when the free abelian group Y, is assumed to commute
with a fixed element ¢; € Fy. The proof is essentially identical to the proof of
Proposition 1.8.

PROPOSITION 1.9: Let F, =< a3,...,a; > be a free group, and let ui(y) =
[ers y1)s -« s un(y) = [c1,yn] for some n > 1, ¢1 € F, ¢ # 1, and ug 5y = [¥i, Y]
for1 < i< j<n. W.lo.g. we may assume that ¢, has no non-trivial roots in F},.
Let the group CY,41 =< c1,ylu(y) > be the corresponding free abelian group
on n + 1 generators.

Let wy(x,y,a) = 1,...,ws(x,y,a) = 1 be a system of equations over Fy, and
let vi(z,y,a),...,v.(x,y,a) be a collection of words in the alphabet {z,y,a}.
Suppose that the sentence

Yy (w(y)=1) Tz wi(z,y,a)=1,...,ws(x,y,a) =1 Avi(z,y,a)
#£1,...,v{x,y,0a) # 1

is a truth sentence.

Then there exist finitely many free abelian groups of rank n + 1,
CZL y,....CZL,,, where CZ\ , =< ¢1,2%,...,25 > fori = 1,...,(, together
with ¢ monomorphisms v;: CY,1 — CZ;+1 so that v;(c1) = ¢, and £ formal
solutions {x; = x;(z*,a)} with the following properties:

(i) Each of the words wj(x;(2% a),y,a) is the trivial word in the group

CZ% .y *<e;> Fr, and the sentence

3zt u(z') =1 A0 (2(ha),y,a) # L, .., v (2(24a), y,a) # 1

is a truth sentence in Fy.

(ii) With each monomorphismv; : CY, 41 — CZ} ., one can naturally associate
a Diophantine system of equations, setting each of the y;'s to be equal to a
linear combination of the elements (cy,z2%,...,z%). Since the determinant
of this system is non-zero, there exists a (finite index) subgroup U} < Y, =
< Y1,...,Yn > and a constant vector a; € Y,, for which the solutions of the
corresponding Diophantine system are all integers if and only if y = u+a;
where u € U.. Then the union of the cosets ay + UL, ..., a;+ UL cover the
entire abelian group Y,.

In the above theorems the sentences considered are defined over a free group
(Theorems 1.1 and 1.2), a surface group (Theorem 1.3), and a free abelian group
(Propositions 1.8 and 1.9). To state a similar theorem for a general limit group we
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need to present the completion of a limit group associated with a given resolution
of it. To define the completion of a limit group associated with a resolution, we
first replace the canonical Makanin—Razborov diagram by the canonical strict
Makanin—Razborov diagram.

Let Rlim(y, a) be a restricted limit group. The (canonical) Makanin-Razborov
diagram of Rlim(y,a) gives a canonical collection of (Makanin-Razborov) reso-
lutions, so that any specialization of the restricted limit group Rlim(y, a) factors
through (at least) one of the Makanin—Razborov resolutions. Our first step in
constructing the completion of a restricted limit group is to replace the canoni-
cal collection of Makanin-Razborov resolutions associated with a restricted limit
group with a canonical collection of strict MR resolutions (strict MR resolutions
are defined in ([Se}, 5.11)).

PropPOSITION 1.10: Let Rlim(y,a) be a restricted limit group. There exists a
(canonical) collection of strict MR resolutions Res,(y,a), ..., Ress(y,a), so that
the limit groups associated with the resolutions Res;(y,a) are either Rlim(y, a)
itself or a quotient of it, for which every specialization of Rlim(y,a) factors
through (at least) one of the resolutions Res;(y, a).

Proof: To get such a (canonical) collection of strict MR resolutions, we start with
the canonical collection of Makanin—Razborov resolutions (the ones that appear
in the Makanin-Razborov diagram of the restricted limit group Rlim(y, a)). Each
resolution in the Makanin—Razborov diagram of Rlim(y, a) which is a strict reso-
lution is taken to be one of the resolutions in our new collection. Each non-strict
resolution in the Makanin—Razborov diagram is replaced by a finite collection of
strict resolutions either of the limit group Rlim(y.a) or of a quotient of it.

Let Res(y,a) be a resolution in the Makanin-Razborov diagram of Rlim(y, a)
that is not a strict MR resolution. Let {Rlim;(y,a)} be the restricted limit groups
that appear along the resolution Res(y,a). For each level j, let ARlim;(y,a)
be the restricted limit group obtained from the collection of specializations of
Rlim;(y,a) that factor through (the relevant part of) the resolution Res(y,a).
Since Res(y,a) is not a strict MR resolution, at least for some level j,
ARlim;(y,a) is a proper quotient of Rlim;(y,a). Let jn be the highest level
for which ARlim;(y,a) is a proper quotient of Rlim;(y,a). We replace the res-
olution Res(y,a) by finitely many resolutions obtained in the foliowing way:

(i) The top part of the obtained resolutions is identical with tne top part of

the resolution Res(y,a) starting at level j, — 1 and above.

(ii) Each of the new resolutions is obtained by starting with the top part of
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Res(y,a) and continuing along one of the resolutions that appear in the

Makanin-Razborov diagram of the restricted limit group ARlim;, (y,a).
Clearly, every specialization that factors through the resolution Res(y, a) factors
through (at least) one of the obtained resolutions.

We continue the construction of the strict Makanin—-Razborov diagram with
the obtained resolutions.

Any resolution from the obtained collection which is a strict resolution is taken
to be a resolution in our collection of strict resolutions. If an obtained resolution
is not strict, we replace it by finitely many resolutions obtained by the same
procedure applied before for the resolution Res(y,a). Since a restricted limit
group that appears along a resolution obtained by this procedure is a proper
quotient of the previous limit group that appears along the same resolution, and
since the procedure replaces a restricted limit group along a resolution by its
proper quotient, the ascending chain condition for (restricted) limit groups ([Se],
5.1) implies that the procedure described above terminates in a finite time. By
construction, every resolution obtained after the termination of the procedure is
a strict resolution, and every specialization that factors through the restricted
limit group Rlim(y,a) factors through at least one of the collection of strict
resolutions we end up with. ]

We call the canonical collection of strict MR resolutions constructed in Propo-
sition 1.10 the (canonical) strict Makanin-Razborov diagram of the restricted
limit group Rlim(y, a).

For the purposes of our “trial and error” procedure for quantifier elimination
we need to construct completion of resolutions which are strict M R resolutions
([Se], 5.11), and are more general than the resolutions that appear in the strict
Makanin—-Razborov diagram of a limit group. To allow “economical” construction
of the completion, we need to restrict the construction of the completion to well-
structured resolutions.

Definition 1.11: Let Fy =< ay,...,ax > be a free group, let Rlim(y,a) be a
restricted limit group defined over F,, and let Res(y, a) be a strict M R resolution
of Rlim(y, a) ([Se], 5.11).

Suppose that the resolution Res(y,a) is given by a decreasing sequence of
restricted limit groups:

Rlim(y, a) = Rlimo(y, a) = Rlim;(y,a) — --- — Rlim;(y,a) — -+ —
coo = Rlimy(y,a) =< f,a > *H®
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where < f,a > is a free group generated by < f,a > and H® is a free group. Let
n;: Rlim;(y, a) — Rlim;1(y, a) be the canonical quotient maps.

With each restricted limit group Rlim;(y,a) that appears along the given re-
stricted resolution Res(y, a), there is an associated (restricted) free decomposition
Rlim;{y,a) = R % - % sz(i) * ij(i) * H
where F, . is a (possibly trivial) free group of rank rk(s), H* is a (possibly
trivial) free group, and the coefficient group Fj is contained in one of the factors
R; With each factor R; there is an associated (restricted, possibly trivial)
abelian decomposition (graph of groups) and a corresponding restricted modular

group.

The associated restricted modular groups of each of the factors R§ is generated

by the following families of automorphisms of R; (cf.[Se], 8.4):

(i) Dehn twists along edges of the restricted abelian decomposition of R; It
the coefficient group F}, is a subgroup of a factor Rj, then the Dehn twists
are assumed to fix (elementwise) the vertex stabilized by the coeflicient
group Fy in the graph of groups associated with the factor R;

(ii) Dehn twists along essential s.c.c. in QH (quadratically hanging) vertex
groups in the restricted abelian decomposition of R; Again, these Dehn
twists are assume to fix {elementwise) the vertex stabilized by the coeflicient
group Fy, if it is contained in a factor R;

(iii) Let A be an abelian vertex group in the restricted abelian decomposition
of R; Let Ay < A be the subgroup generated by all edge groups connected
to the vertex stabilized by A in the abelian decomposition of R;. Every
automorphism of A that fixes A; {elementwise) can be naturally extended
to an automorphism of the ambient limit group R¢, and this automorphism
of the factor R;'. can be assumed to fix the coefficient group Fj if it is
contained in the factor R}.

We say that the strict M R resolution Res(y,a) is a well-structured resolution

if the following conditions hold:

(1) The quotient map n;: Rlim;(y,a) — Rlim;11(y, a) maps F:k(i) monomor-
phically onto a free factor of F;:(i +py and H ¢ onto a free factor of Ht!,

(2) If the factor R; is neither a closed surface group nor a free abelian group,
then n;(R?) is a free product of (possibly) some non-free factors in the free
decomposition of Rlim;;1(y,a) and (possibly trivial) factors in some free
decomposition of the free groups F;Z'é +1) and H**'. In the free decom-

positions of Rlim;41(y,a), Fr’:’(h_l) and H'*!, the factors onto which a
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non-abelian, non-surface factor R; is mapped are distinct from the factors
onto which R;, is mapped for j # j/, and distinct from the factors n;(H?)
and m(F;k(i)).

Since we assume that the resolution Res(y, a) is a strict MR resolution, the
quotient map 7; maps every non-abelian, non-Q H vertex group and every
(abelian) edge group in the abelian decompositions associated with a factor
R! monomorphically into Rlim;41(y, a), for all possible tuples (4,j). The
image of a QH vertex group under a quotient map is non-abelian.

Let Ab%,. "’Abf;(i) be the (non-cyclic) abelian factors among the factors
R; Then n;,(Ab) = C%, C! is a cyclic subgroup of H*! and Ci % -+ x
o i * 7;(H") is a free factor in some free decomposition of the free group

Let R;l,...,Rj;d(i) be the subset of the factors R; that are isomorphic
to (non-abelian) closed surface groups. Then the image of such a factor,

m(R:) = H:, H! is a subgroup of H*!, and

H{ *"'*Hé(i) *Ci *“‘*C;(é) *nz(Hl)
is a free factor in some free decomposition of the free group Hi*!.
Let Qi,..., Qi(i) be the QH vertex groups in the abelian decompositions of
the factors R’ that are non-abelian and not isomorphic to a closed surface
group. Recall that n;(Ab:) = C!,. For each QH subgroup @, let AQ;' be the
cyclic decomposition obtained from the abelian decomposition associated
with the factor R} containing the QH subgroup @i, by collapsing all the
edges that are not connected to the @H subgroup Q;. We say that the cir-
cumference of the @H subgroup @, denoted Circum(Q}), is the subgroup
generated by Q! and all the Bass—Serre generators connecting (some of) its
boundary components to vertex groups in AQi .

For each QH subgroup Q) let bdy 1, ...,bd; ;) be its boundary compo-
nents. Let n;(Circum(Q})) = Vi % -+ % Vpp(4y * Hy be the maximal (most
refined) free decomposition inherited by n(Circum(Q?)) from the given free
decomposition of Rlim;(y,a) in which each of the images of the boundary
elements 7;(bd; ,,) can be conjugated into one of the free factors V;, and
for each factor V. there exists at least one image of a boundary element
n;(bd ) that can be conjugated into it. Then H} is a free group and

H™ = Hyxeeox Hyggy # Oy 5ok Cogyy % i (HY)
and

. i+l i+1 i+1
Viko sk Vi (t) <R xeeox R;(H-l) * F:k(i+1)‘
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Note that, by definition, every well-structured resolution is a strict resolution
but, in general, a strict resolution is not necessarily well-structured. However,
since the (canonical) Makanin-Razborov diagram is constructed from an descend-
ing chain of maximal shortening quotients, every resolution in the strict Makanin—
Razborov diagram, presented in Proposition 1.10, is well-structured. Hence, the
strict Makanin-Razborov diagram allows us to restrict the construction of the
completion to well-structured resolutions.

Definition 1.12: Let Res(y,a) be a well-structured resolution of a limit group
Rlim(y,a). We construct the completion of the resolution Res(y,a), denoted
Comp(Res)(z,y,a), iteratively from bottom to top. Keeping the notation of
Definition 1.11, suppose that the resolution Res(y,a) is given by a decreasing
sequence of restricted limit groups

Rlim(y, a) = Rlimo(y,a) = Rlimy(y,a) — --- = Rlim;(y,a) = -+ —
-+« = Rlimy(y,a) =< f,a > «H*

where < f,a > is a free group generated by < f,a >, and H is a free group.
Let n;: Rlim;(y, a) — Rlim;1(y, a) be the canonical quotient maps. Res(y,a) is
a well-structured resolution, so with each restricted limit group Rlim;(y,a) that
appears along the given restricted resolution Res(y,a) there is an associated
(restricted) free decomposition

where ij(i) is a (possibly trivial) free group of rank rk(i), H® is a (possibly
trivial) free group, and the coefficient group F}, is contained in one of the factors
R; With each factor R; there is an associated (restricted, possibly trivial)
abelian decomposition (graph of groups) and a corresponding restricted modular
group.

For presentation purposes we start by describing the construction of the com-
pletion, assuming the resolution Res(y,a) is a minimal rank well-structured res-

olution, i.e., assuming that the terminal free group Rlim, = F¥_, * H is the

rk(€)
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coefficient group Fy (i.e., that ka([) = F, and HY is trivial), and then generalize
the construction for arbitrary well-structured resolutions.

Suppose that Res(y,a) is a minimal rank well-structured resolution. Since
Res(y, a) is of minimal rank, the free products associated with the various levels
are trivial, i.e., Rlim;(y,a) = R} for 0 < 4 < ¢ — 1, none of these limit groups
are abelian or a closed surface group, and with Rlim;(y,a) there is an associated
graph of groups with (non-trivial) abelian edge groups.

We construct the completion of Res(y,a) iteratively from bottom to top. We
start by changing the ¢ — 1-th limit group, Rlim¢_;{y,a), to a limit group
Comp(Rlim),—1 by modifying the abelian decomposition associated with
Rlimg_l.

Let A®~! be the abelian decomposition associated with the ¢~ 1-th limit group
Rlimy-1(y,a). To modify the limit group Rlime_1(y,a) and its abelian decom-
position, we start with the terminal (coefficient) free group Rlim.(y,a) = Fj.
With each edge e in the graph of groups A?~! that connects two non-abelian,
non-Q H vertex groups we associate a generator g.. Let G. be the edge group
associated with such an edge in A‘~1. We set the group G; to be the group gen-
erated by the terminal group Rlime(y, ¢) together with the additional elements
{ge}- To define G; we add relations that force each of the additional generators
ge to commute with the maximal cyclic subgroup in Fj that contains the image
of G, under np_1, n—1(Ge). For any pair of edges ey, eq, for which 7.1 (G,,)
commutes with ne_1(Ge,), we further add the relation [ge,, ge,] = 1. Hence, G;
is obtained from Rlim, = F}, by adding some free abelian groups amalgamated
along (maximal) cyclic edge groups.

We continue by modifying G'; by adding new generators associated with (non-
cyclic) abelian vertex groups in A¢1.

With each non-cyclic abelian vertex group Ab,, of rank n in the cyclic decom-
position A~! that is connected to some non-abelian vertex group by an edge
with (maximal) cyclic stabilizer G 43, , we associate new generators aby, ..., aby.
We modify G, by adding all the new generators to it, together with relations that
force ab; to be equal to the corresponding generator of ne—1(A4b,) < Fy, < Gy,
and commutant relations that force the other new generators to commute with
the centralizer in G of the image of Ab, in Fir. Therefore, we end this second
modification with a group G that admits a canonical graph of groups composed
of one vertex stabilized by the coefficient group F} and (possibly) several addi-
tional vertices, each stabilized by a non-cyclic free abelian group and connected
to the vertex stabilized by Fj with a single edge with (maximal) cyclic stabilizer.
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We continue by adding QH vertex groups corresponding to the QH vertex
groups in A"! to the group Ga. Let Qy,. .., Q, be the QH vertex groups in Af~1.
Let QY, ..., Q. be QH vertex group isomorphic to @1, . .., @, in correspondence.
With Gy and the QH subgroups @f,....Q, we associate a graph of groups,
starting with the graph of groups associated with the group G», and adding new
vertices for each of the vertex groups @, ..., Q.. For each boundary component
bd’ of a QH vertex group ij, we add an edge connecting the vertex stabilized
by Q; to the vertex stabilized by Rlim,(y,a) = F}, and identifying the cyclic
subgroup generating by bd’ to the image in F}, of the corresponding boundary
component bd of the QH vertex group ¢}; in AL, me_1(bd).

Ab

|

Performing all these operations, we end up with one graph of groups with cyclic
edge stabilizers, one vertex stabilized by Rlim(y,a) = Fi, (possibly) a few ver-
tices with free abelian vertex groups connected to the (distinguished) vertex sta-
bilized by F, with an edge with (maximal) cyclic stabilizer, and (possibly) a few
vertices with QH vertex groups, whose boundary components are all connected
to the vertex stabilized by Fi. We call the fundamental group of this graph of
groups the completion of Rlim,_1(y, a), and denote it Comp(Rlim)e—1(2e-1, a)-
We call the graph of groups the completed decomposition of
Comp(Rlim)e—1(ze—1,a), and with it we naturally associate the completed mod-
ular group (inherited from the modular group of Rlim,_1(y,a)).

LEMMA 1.13: The £ — 1-th limit group Rlim,_1(y,a) (canonically) embeds into
the completed limit group Comp(Rlim)e—1(z¢—1,0a):

ve—1: Rlimg_1(y,a) — Comp(Rlim)y_1(z¢-1,0).

Furthermore, the quotient map ne_,: Rlimy_1(y,a) — Rlime(y,a) naturally
extends to a quotient map:

Comp(n)e—1: Comp(Rlim)e—1(z¢-1,a) = Rlime(y,a) = Fg.

Proof: The extension of the quotient map ne_: Rlime_1(y,a) = Rlim(y,a) to
a quotient map

Comp(n)e—1: Comp(Rlim)¢—1(ze—1,a) — Rlime(y,a) = Fy
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is natural from the construction of the completion. To construct the natural
embedding of Rlimy_; into the completion, Comp(RIlim),—1, we look at the
following example.

Let Rlime = Fy, and let the abelian decomposition of Rlim,_1 be Rlimy_; =
A x¢ B, where C is cyclic, and A and B are some free groups. In this case the
quotient map 7,-1 maps A, B and C isomorphically into Fj. Let < ¢; >< Fy
be the maximal cyclic subgroup in Fj, that contains n,_1(C). In this case the
completion has the form

Comp(Rlim)g—1 = Fr¥<ey> < €1, >
and the natural embedding vy_; maps Rlim,_; isomorphically onto the subgroup

Ne-1(A) *cey> tne—1(B)t "

of the completion, Comp(Rlim),_,. The generalization of the natural embedding
Ve_1 to an arbitrary ¢ — 1 limit group is rather straightforward. 1

Although the image of Rlime—1(y,a) in the completion
Comp(Rlim)e—1(2¢-1,0)

under the canonical embedding v,_; can be expressed as words in the generators
(z¢—1,a), we prefer to specifically note this image by changing the notation of
the completion to Comp(Rlim)e—1(2¢—1,y,a).

We continue the construction of the completed resolution iteratively (bottom
to top). At each step, i, we start with the completed limit group constructed at
the lower level, Comp(Rlim);1(zi+1,9, a), and its associated completed abelian
decomposition, and construct Comp(Rlim);(z;,y, a), its associated completed de-
composition and completed modular groups, the natural embedding

vt Rlim;(y, a) — Comp(Rlim);(2;,y, a)

and the completed quotient map Comp(n),;: Comp(Rlim); — Comp(Rlim);41.
We start the construction of the completed limit group Comp(Rlim);(z;,y,a)
with the completed limit group Comp(RIim);41(2:41, 9, a). Let A be the abelian
decomposition associated with the ¢-th limit group Rlim;(y,a) in the well-
structured resolution Res(y,a). With each edge with abelian stabilizer that
connects two non-abelian, non-QH vertex groups in the abelian decomposition
A; we associate a new generator g.. We set (G to be a group generated by
Comp(Rlim);+1(zi+1,y,a) and all the new generators {g.} corresponding to
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these edges in A’. To define G| we further add commutant relations that force
each of the new variables g. to commute with the centralizer of the image
under v;47 o n; of the abelian stabilizer of the edge it is associated with in
Comp(Rlim)i+1(2i+1,Y,a), and with other generators ges for which the image
of the edge group associated with them in Comp(RIlim);y1(zi41,y,a) can be
conjugated to commute with the image of the edge group associated with g. in
Comp(Rlim);+1(%i+1,9,a). Hence, G; is the fundamental group of a graph of
groups having one (distinguished) vertex stabilized by Comp(Rlim);11(zi+1,¥, ),
and (possibly) a few other vertices with free abelian stabilizers, each connected
to the distinguished vertex with a unique edge, and the stabilizer of that edge
is the centralizer of the image of the corresponding edge group in A’ in
Comp(Rlim)it1(zi+1. Y, a).

We continue by modifying G; by adding new generators associated with (non-
cyclic) abelian vertex groups in A®. With each non-cyclic abelian vertex group
Ab,, of rank n in the cyclic decomposition A?, we associate new generators
aby,...,ab,. We modify Gy by adding all the new generators to it, together with
relations that force the subgroup of Ab, generated by the edge groups connected
to Ab, in A? to be equal to its image under v; 1 0m; in Comp(Rlim) ;41 (241, Y, @),
and relations that force aby,...,ab, to commute and to commute with the cen-
tralizer of the image of the subgroup of Ab,, generated by the edge groups con-
nected to Ab, in A? in Gy. Therefore, we end this second modification with a
group G5 that admits a canonical graph of groups composed of one vertex sta-
bilized by Comp(Rlim);+1(zi+1,¥,a), and (possibly) several additional vertices,
each stabilized by a non-cyclic free abelian group and connected to the vertex
stabilized by Comp{Rlim);4+1(zi+1,¥,a) by a single edge with abelian stabilizer.

We continue by adding QH vertex groups corresponding to the QH vertex
groups in A’ to the group Ga. Let Q1, ..., Q, be the QH vertex groups in Al Let
Ql,...,Q., be the QH vertex group isomorphic to @1, ...,y in correspondence.
With G5 and the QH subgroups @,...,Q, we associate a graph of groups,
starting with the graph of groups associated with the group G, and adding new
vertices for each of the vertex groups @Y, ..., @Q,,. For each boundary component
bd’' of a QH vertex group Q;-, we add an edge connecting the vertex stabilized
by @ to the vertex stabilized by Comp(Rlim);41(zi+1¥, a), and identifying the
cyclic subgroup generated by bd’ to the image in Comp(RIlim);41(2i+1, ¥, @) under
Vit1 0 i, of the corresponding boundary component bd of the QH vertex group
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i
Q; in A"
t 1
ViVl Aby Ab,
2 —_— Q2
Vi i Q Ab? '
E,

Performing all these operations, we end up with one graph of groups with
abelian edge stabilizers, one (distinguished) vertex stabilized by
Comp(Rlim);11(zi41y,a), (possibly) a few vertices with free abelian vertex
groups connected to the (distinguished) vertex with an edge with (maximal)
cyclic stabilizer, and (possibly) a few vertices with QH vertex groups whose
boundary components are all connected to the distinguished vertex. We call the
fundamental group of this graph of groups, the completion of Rlim;(y,a), and
denote it Comp(RIlim);(z;,a). We call the graph of groups, the completed decom-
position of Comp(RIlim);(z;,a), and with it we naturally associate the completed
modular group (inherited from the modular group of Rlim;(y,a)). In a similar
way to Lemma 1.13, with the completion of Rlim;(y, a) we associate two natural
maps, a canonical embedding

vt Rlim;(y,a) — Comp(Rlim);(2;, a)
and a quotient map
Comp(n)i: Comp(Rlim);(z;,a) = Comp(Rlim)i41(2i41Y, @).

Although the image of Rlim;(y,a) in the completion Comp(RIlim);(z;,a) under
the canonical embedding v; can be expressed as words in the generators (z;, a), we
prefer to specifically note this image by changing the notation of the completion
to Comp(Rlim);(z;,y,a).

Finally, we say that Comp(Rlim)o(z0,y, a) is the completed limit group of the
minimal rank well-structured resolution Res(y, a), and the sequence of completed
limit groups Comp(Rlim);(2;,y,a), 1 < i < ¢, together with their associated
completed decompositions is the completed resolution of Res(y,a)}, which we de-
note Comp(Res) (20,9, a).

So far we have presented the construction of the completion for minimal rank
well-structured resolutions Res(y, a). At this point we generalize the construction
to an arbitrary well-structured resolution.
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The terminal limit group of the well-structured resolution Res(y,a) is
Rlimy(y,a) = ka( 0 * H¢ We start the construction of the completion of
Res(y, a) by setting Comp(Rlim);(ze, a) to be Comp(Rlim)e(z¢, ) = ka(e). We
set G to be the free product of Comp{Rlim)¢(ze, a) with those factors among the
factors Rf_l in the given free decomposition of Rlim,_;(y,a) that are isomorphic

to either non-abelian closed surface groups Sf”_l, ceey Sﬁ('el_l) or non-cyclic free
. 0—1 01
abelian groups Ab;™",. .., ABq( —1)

We continue the construction of the completion by considering the abelian
decompositions associated with the various factors Rf_l that are neither abelian
nor closed surface groups. Let As_l be the abelian decomposition associated with
such a factor Rg_l. With each edge e in one of the graph of groups Aﬁ_l that
connects two non-abelian, non-@ H vertex groups we associate a generator g.. Let
G be the edge group associated with such an edge in Ag‘l. We set the group
G> to be the group generated by G; together with the additional elements {g.}.
To define G5 we add relations which force each of the additional generators ge to
commute with the maximal cyclic subgroup in Comp(Rlim).(z¢,a) that contain
the image of G, under 7,1, 7,~1{G.). For any pair of edges e, es, for which
Ne—1(Ge,) commutes with n,_1(G.,), we further add the relation [ge,, ge,] = 1.
Hence, G is obtained from G, by adding some free abelian groups amalgamated
along (maximal) cyclic edge groups.

We continue by modifying G5 by adding new generators associated with (non-
cyclic) abelian vertex groups in the decompositions Ag_l. With each non-cyclic
abelian vertex group Ab, of rank n in a cyclic decomposition Ag_l that is con-
nected to some non-abelian vertex group by an edge with (maximal) cyclic sta-
bilizer G 4p,,, We associate new generators aby, ..., ab,. We modify G2 by adding
all the new generators to it, together with relations that force ab, to be equal
to the corresponding generator of ny—1(Aby) < Comp(Rlim)e(ze,a) < G2, and
commutant relations that force the other new generators to commute with the
centralizer in Go of the image of Ab,, in Comp(Rlim)¢(z¢, a). Therefore, we end
this second modification with a group G5 that admits a canonical free decompo-
sition in which, with a single factor, we associate a graph of groups composed of
one vertex stabilized by a factor of Comp(Rlim),(z¢,a), and (possibly) several
additional vertices, each stabilized by a non-cyclic free abelian group and con-
nected to the vertex stabilized by the factor of Comp(Rlim)¢(z¢,a) by a single
edge with (maximal) cyclic stabilizer.

We continue by adding QH vertex groups corresponding to the QH vertex
groups in the decompositions Af-_l to the group Gs. Let Uy %% Up be the most
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refined free decomposition of G5 in which the images under 7,1 of all the edge
groups and all the non-QH vertex groups in the abelian decompositions Ag_l
are elliptic. Let Q4,...,Q, be the QH vertex groups in the various graph of
groups Ag_l. Let Q1,...,Q}, be the QH vertex group isomorphic to Q1,...,Qy
in correspondence. With G5 and the QH subgroups Q7,. .., Q. we associate a
graph of groups, starting with the free decomposition Uy * --- x U, of G3, and
adding new vertices for each of the vertex groups @, ..., Q. For each boundary
component bd’ of a QH vertex group @}, we add an edge connecting the vertex
stabilized by Q) to the vertex stabilized by the vertex stabilized by the factor U,
into which the corresponding boundary component bd of Q; is mapped by 7,_1.
We further identify the cyclic subgroup generated by bd’ with the image in U, of
the corresponding boundary component bd under 7;.

Q
Vi q \Z
G-
.

We call the fundamental group of this graph of groups, the completion of
Rlimy_1(y,a), and denote it Comp(Rlim)s_1(z¢—1,a). We call the graph of
groups, the completed decomposition of Comp(RIlim),_1(z¢—1,a), and with it
we naturally associate the completed modular group (inherited from the mod-
ular group of Rlime—1(y,a)). In a similar way to Lemma 1.13, the ¢ — 1-th
limit group Rlime_,(y,a) (canonically) embeds into the completed limit group
Comp(Rlim)e—1(zp—1,a):

ve—1: Rlimg_1(y, a) — Comp(Rlim)e_1(z¢-1,a).

Furthermore, the quotient map n,_1: Rlime_1(y,a) — Rlime(y,a) naturally
extends to a quotient map:

Comp(n)e—1: Comp(Rlim)e—1(2¢—1,a) — Rlime(y,a) = Fy.

Also, we prefer to note the image of Rlimy_i(y,a) in the completion
Comp(RIlim)e_1(2¢—1,a) under the canonical embedding v_1, so we change the
notation of the completion to Comp(Rlim)e_1(2¢-1,y,a).

As in the minimal rank case, we continue the construction of the completed res-
olution iteratively (bottom to top). At each step, i, we start with the completed
limit group constructed at the lower level, Comp(Rlim);1+1(2i+1,y, a), and its as-
sociated completed abelian decomposition, and construct Comp(Rlim);(z;, vy, a),
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its associated completed decomposition and completed modular groups, the natural
embedding v;: Rlim;(y, a) — Comp{Rlim);(z;,y, a), and the completed quotient
map Comp(n);: Comp(Rlim); — Comp(Rlim); 1.

We start the construction of the completed limit group Comp(Rlim);(2;,y,a)
with the completed limit group Comp(Rlim);4+1(i+1,y,a). We set G to be the
free product of Comp(RIlim);+1(z;+1,a) with those factors among the factors Rj-
in the given free decomposition of Rlim;(y,a) that are isomorphic to either non-
abelian closed surface groups Si,..., Sé(i), or to abelian groups Ab, ..., Abi(i).

We continue the construction of the completion by considering the abelian
decompositions associated with the various factors R;'. that are neither abelian
nor closed surface groups. Let A} be the abelian decomposition associated with
such a factor R;. With each edge e in one of the graph of groups A% that connects
two non-abelian, non-Q H vertex groups we associate a generator g.. Let G, be
the edge group associated with such an edge in A; We set the group G2 to be
the group generated by Gy together with the additional elements {g.}. To define
G, we add relations that force each of the additional generators ge to commute
with the centralizer of the image (under v;41 o n;) of the associated edge group
G in Comp(Rlim) 4+1:(2i4+1, 9, a), Vit1 © 19;(Ge). For any pair of edges ey, e2, for
which v;41 0 7;(Ge,) (can be conjugated to) commute with 41 o 7;(Ge, ), we
further add the relation [ge, , ge,] = 1. Hence, G is obtained from G by adding
some free abelian groups amalgamated along (non-trivial) subgroups of smaller
rank.

We continue by modifying G by adding new generators associated with (non-
cyclic) abelian vertex groups in the various abelian decompositions Aé With
each non-cyclic abelian vertex group Ab, of rank n in one of the abelian decom-
positions A% that is connected to some non-abelian vertex group, we associate
new generators aby,...,ab,. We modify Gy by adding all the new generators
to it, together with relations that force the subgroup of Ab, generated by the
edge groups connected to Ab, in Aé- to be equal to its image under v;4q o7; in
Comp(RIlim);+1(2i+1, ¥, a), and relations that force aby, ..., ab, to commute and
to commute with the centralizer of the image of the subgroup of Ab,, generated by
the edge groups connected to Ab, in Aé in G5. Therefore, we end this part with a
group G'3 that admits a canonical free decomposition in which with a single factor
we associate a graph of groups composed of one vertex stabilized by a factor of
Comp(Rlim);4+1(zi41,Y,a), and (possibly) several additional vertices, each sta-
bilized by a non-cyclic free abelian group and connected to the vertex stabilized
by the factor of Comp(Rlim);y1(zi41,y,a) by a single edge with (non-trivial)
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abelian stabilizer.

We continue by adding QH vertex groups corresponding to the QH vertex
groups in the decompositions Aj to the group Gj5. Let Uy % - - - x Up be the most
refined free decomposition of 3 in which the images under v; ;4 o n; of all the
edge groups and all the non-QH vertex groups in the abelian decompositions A;-
are elliptic. Let Qi,...,Q, be the QH vertex groups in the various graph of
groups A; Let Qf,...,Q!, be the QH vertex group isomorphic to Qq,...,Qy
in correspondence. With G3 and the QH subgroups @, ..., Q) we associate a
graph of groups, starting with the free decomposition Uy * --- * U, of G3, and
adding new vertices for each of the vertex groups Q1, ..., Q,,. For each boundary
component bd’ of a QH vertex group @}, we add an edge connecting the vertex
stabilized by @} to the vertex stabilized by the vertex stabilized by the factor
Us into which the corresponding boundary component bd of Q; is mapped by
Vig1 © 1;. We further identify the cyclic subgroup generated by bd’ with the
image in Uy of the corresponding boundary component bd under v;41 o 7;.

We call the fundamental group of this graph of groups, the completion of
Rlim;(y,a), and denote it Comp(Rlim);(z;,a). We call the graph of groups,
the completed decomposition of Comp(Rlim);(z;,a), and with it we naturally
associate the completed modular group (inherited from the modular group of
Rlim;(y,a)). In a similar way to Lemma 1.13, the i-th limit group Rlim;(y, a)
(canonically) embeds into the completed limit group Comp(RIlim);(z;,a):

vt Rlim;(y, a) = Comp(Rlim);(z;, a).

Furthermore, the quotient map #;: Rlim;(y,a) — Rlim;yq1(y,a) naturally
extends to a quotient map

Comp(n);: Comp(Rlim);(z;,a) = Comp(Rlim);+1(zi41, ¥, a).

Also, we prefer to note the image of Rlim;(y,a) in the completion
Comp(Rlim);(z;, a) under the canonical embedding v;, so we change the notation
of the completion to Comp(Rlim);(z;,y,a).

Finally, we say that Comp(Rlim)o(z0,y,a) is the completed limit group of the
minimal rank well-structured resolution Res(y, a), and the sequence of completed
limit groups Comp(Rlim});(2;,y,a),1 < i < ¢, together with their associated com-
pleted decompositions is the completed resolution of Res(y,a), which we denote
Comp(Res)(zg, Yy, a).

The following are some basic properties of the completion of a well-structured
resolution. All follow in a rather straightforward way from the construction of
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the completion, so we omit their proof. Still, they are crucial in obtaining formal

solutions defined over the completion of a well-structured resolution of a restricted

limit group.

LEMMA 1.14: Let Res(y,a) be a well-structured resolution of a restricted limit
group Rlim(y, a), and let Comp(Res)(z,y, a) be its completed resolution. Then:

(i)

(i)

If we replace each of the completed limit groups Comp(Rlim);(z,y, a) with
the group Comp(RIlim);(z,y,a) * H*, and change the completed quotient
map Comp(n); accordingly (i.e., Comp(n); will map the additional free
factor H* isomorphically onto a factor of H**1, and the additional surface
and abelian factors onto factors of H'*!), then the completed resolution
Comp(Res)(z,y,a) is a well-structured resolution.

A generator of a cyclic edge group connecting two non-QH vertex groups
in the completed decomposition of one of the factors of the completed limit
group Comp(Rlim);(z,y,a) for some i is projected by some composition of
maps

Comp(n); o - - - o Comp(n)y: Comp(Rlim);{z,y,a)
- Comp(Rlim)y —1(2,y, a)

to either an element with no root that is not contained in one of the fac-
tors of Comp(Rlim);(z,y,a), a hyperbolic element with no root in the
completed decomposition of Comp(Rlim); (z,y,a), or to a non-boundary
element with no root in a QH vertex in a completed decomposition.

The subgroup < y,a >< Comp(Rlim)(z,y,a) is mapped onto
Comp(Rlim), = ka([) by the composition of the quotient maps. The
rank of the completed resolution, Comp(Res(z,y,a)), is at most the rank
of the well-structured resolution Res(y, a).

For any specialization (yo,a) of the restricted limit group Rlim{y,a) that
factors through the resolution Res(y,a), there exists some specialization zy
so that (zo,y0,a) is a specialization of the completed limit group
Comp(Rlim)(z,y,a) that factors through the completed resolution
Comp(Res)(z,y,a).

Completed resolutions are defined in order to enable one to construct formal

solutions. If all the decompositions associated with the various levels of a well-

structured resolution contain no (non-cyclic) abelian vertex groups, then it is

indeed possible to construct formal solutions defined over the completed resolu-

tion.

However, in the presence of (non-cyclic) abelian vertex groups we still need
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to define a closure of a resolution, and a finite collection of such closures which
forms a covering closure.

Definition 1.15: Let Res(y,a) be a well-structured resolution and let
Comp(Res)(z,y,a) be its completion.

Let Aby, ..., Abg be the non-conjugate, non-cyclic, maximal abelian subgroups
that appear along the completion, Comp(Res)(z,y,a), and are mapped onto a
non-cyclic abelian factor in a free decomposition associated with one of the levels
of the completion.

Let PAbq,...,PAbyy be the non-conjugate, non-cyclic, maximal pegged
abelian groups that appear along the completed resolution, i.e., maximal non-
cyclic abelian subgroups in Comp(Rlim){z,y,a)}, that are mapped onto a non-
cyclic abelian vertex group in some abelian decomposition associated with some
level of the completed resolution Comp(Res)(z,y,a), and this abelian vertex is
connected to the other vertices of the completed decomposition of that level by
an edge with (maximal) cyclic stabilizer. We call the maximal cyclic subgroup of
a pegged abelian group connecting it to the other vertices of the corresponding
completed decomposition, the peg of the pegged abelian group P Ab.

Let S1,...,S4 be free abelian groups so that Ab; < Sy,...,Abs < Sy are
subgroups of finite index. Let PSy,...,PS,q be free abelian groups so that
PAby < PSy,...,PAbyq < PSpq are subgroups of finite index, and the pegs
pegi, ..., pegpq are primitive elements in the ambient free abelian groups
PSy,...,PSy,.

A closure of the completed resolution Comp(Res)(z,y, a) is obtained by replac-
ing the free abelian groups Aby, ..., Aby by the free abelian groups Si,..., Sy,
and the pegged abelian groups PAbi,...,PAb,q by the free abelian groups
PS;y,...,PSpq in correspondence, along the entire completed resolution, i.e.,
from the top level through the bottom level in which a subgroup of the pegged
abelian group appears along the completed resolution. We say that the free
abelian groups Si,...,Sq and PSy,..., PSpq are the ertension of the pegged

abelian groups PAby, ..., PAb,q in correspondence. We denote a closure of the
completed resolution by CIl{Res)(s, z,y, a), and the corresponding limit group by
CURIlim)(s, z,y,a). Naturally, Comp(Rlim)(z,y,a) is embedded in

CUYRIlim)(s, z,y,a).

By construction, properties {i}-(iii} of Lemma 1.14 which are valid for the
completion remain valid for a closure. However, in general only a subset of the
specializations that factor through a resolution can be extended to specializations
that factor through a closure of it. Therefore, we need to generalize what we did
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in Propositions 1.8 and 1.9 for free abelian groups and define a covering closure.

Definition 1.16: We will keep the notation of Definition 1.15. Let Res(y,a) be
a well-structured resolution and let Comp(Res)(z,y,a) be its completion. With
each closure, Cl(Res)(s, z, y,a), there are associated embeddings of abelian and
pegged abelian groups into their extensions:

Aby < 81,...,Aby < S4,PAb; < PSl,...,PAbpd < PSpd.

Like in Proposition 1.8, with each embedding Ab; < S; we can associate a
subgroup C; of the free abelian group of rank 7k(Ab;), and like in Proposition
1.9, with each embedding PAB; < PS; we can associate a Diophantine system
of rk(PAB;) — 1 equations in rk(PAB;) — 1 variables (with coefficients), with
non-zero determinant. With this system we can associate a coset Co; of a finite

index subgroup U; of the free abelian group Zm™*(PAB;)-1 (

see Propositions 1.8
and 1.9). Therefore, with each closure CI(Res)(s, z,y, a) we can associate a tuple
(Chy...,Cq,Co1,...,Copq) of cosets of finite index subgroups in the correspond-
ing free abelian groups. We call this collection of cosets, the closure domain, and
denote it by Dom(Cl(Res)).

We say that a collection of closures of a resolution Res(y, a),
{Cl(Res)1,...,CIl(Res),},
is a covering closure if the union of the closures domains
Dom(Cl(Res)1), ..., Dom(Cl(Res),)
covers the entire cross product of the abelian and pegged abelian groups
Aby, ..., Aby, PAby,..., PAby,.

The main importance of a covering closure is the following simple observation.

LEMMA 1.17: Let Cl(Res)i(s, 2,4,4a),...,Cl(Res)q(s, 2,y,a) be a covering clo-
sure of a well-structured resolution Res(y,a). For any specialization (yo,a) that
factors through the resolution Res(y,a) there exists an index i and elements
80, 20, SO that (sq, zo, Yo, @) is a specialization of (at least) one of the closures

Cl(Res);(s, z,y,0a).

Proof: By Lemma 1.14, for any specialization (yo, ) that factors through the
resolution Res(y, a) there exists some element 2z so that (zq,yo,a) is a special-
ization that factors through the completed resolution Comp(Res)(z,y,a). By
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definition, every specialization (2, yo, @) that factors through the completion can
be extended to a specialization (sq, 20, ¥o, @) that factors through one of the clo-
sures Cl(Res)1(s, z,y.a)1,. .., Cl{Res)q(s, 2, ¥, a), and the lemma follows. [ |

The completion of a resolution Comp(Res)(z,y,a), its closures
Cl(Res)(s,y,a), and the notion of a covering closure finally allow us to gen-
eralize Merzlyakov's theorem for free groups and Propositions 1.3, 1.8 and 1.9
for surface and free abelian groups, to present formal solutions associated with a
well-structured resolution of a restricted limit group.

THEOREM 1.18: Let F, =< ai1,...,ax > be a free group, and Iet
u1(y,a), ..., un(y, a) be a collection of words in the alphabet {y,a} for which the
group Rlim(y,a) =< y, alui(y, a), ..., un(y,a) > is a restricted limit group. Let
Res(y, a) be a well-structured resolution of the restricted limit group Rlim(y, a),
and let Comp(Res)(z,y,a) be the completion of the resolution Res(y,a) with a
corresponding completed limit group Comp(Rlim)(z,v, a).

Let wy{z,y,a) = 1,...,ws(z,y,a) = 1 be a system of equations over F}, and
let vi{z,y,a),...,v.(z,y,a) be a collection of words in the alphabet {z,y,a}.
Suppose that the sentence

Vy (ui(y,a)=1,...,un(y.a)=1) Iz wi(z,y,a)=1,...,ws(z,y,a) = 1A
Az, y,a) #1,. . v (z,y,0) # 1

is a truth sentence.
Then there exists a covering closure

Cl(Res)1(s, z,y,a),...,Cl(Res)q(s, z,y, a),

and for each index 1 < i < g there exists a formal solution (s, z,y,a), so that
each of the words w;(x;(s, z,y,a),y,a) is the trivial word in the restricted limit
group corresponding to the i-th closure Cl(Rlim)(s, 2,y,a).

In addition, for each index i there exists a specialization (s}, 2§, y},a) that
factors through the i-th closure Cl(Res);(s, z,y,a), so that for every index j

Uj(-ri(sf)’ 36’ yé’ a), y(i)’ a) # 1.
Furthermore, if the limit group Rlim(y,a) is not abelian, and the words
wi(z,y.a), ..., ws(x,y,a),v1(z,y,a),...,v.(z,y,a)

are coefficient-free, then the formal solutions x = x;(s, z,y,a) can be taken to be
coefficient-free, i.e., z = z;(s, 2, ).
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Proof: Qur approach to proving the existence of formal solutions defined over
a closure of a well-structured resolution of a general limit group is basically a
combination of our approach to proving the existence of formal solutions for free
groups (Theorems 1.1 and 1.2), surface groups (Theorem 1.3) and free abelian
groups (Propositions 1.8 and 1.9). Like in these theorems we start with defining
test sequences associated with the completion Comp(Res)(z,y,a) of the given
resolution Res(y,a). We start the construction of test sequences with a general-
ization of Lemma 1.4 to punctured surfaces (rather than closed ones).

LEMMA 1.19: Let S be a punctured surface with fundamental group @, suppose
that x(S) < —2 or S is a punctured torus, and let bry, ... br,, be its boundary
components. Let p: Q — Fy be a homomorphism with non-abelian image, and
suppose that for each i, 1 <i < w, p(br;) # 1.

There exist two collections of essential, non-homotopic, non-boundary parallel
disjoint s.c.c. on the surface S: by,...,by and dy, ..., d;, and an automorphism
p € Aut(S) with the following properties:

(i} Each connected component S obtained by cutting the surface S along the
first collection of s.c.c. by, ..., by has Euler charactersitic -1, and the homo-
morphism p o p: Q — Fy embeds the fundamental group of each of these
connected components into Fy.

(ii) Each of the curves d; intersects non-trivially at least one of the curves b;.

(iii) The entire collection of s.c.c. by,...,bq,d1,...,d; fill the punctured sur-
face S, i.e., SN{U{b1,...,bq.d1,...,d:} is a disjoint collection of connected
components, where each connected component is either homeomorphic to a
disk or to an annulus. If such a component is homeomorphic to an annulus,
then one of its boundary components is one of the boundary components
of the surface S, br;.

Proof: Similar to the proof of Lemma 1.4. |

Suppose that the completed resolution Comp(Res)(z,y,a) is given by the
sequence of epimorphisms

Comp(Rlim)(z,y,a) = Comp(Rlim)o(z,y,a) = Comp(Rlim),(z,y,a) = - -
<+« = Comp(Rlim)¢(z,y,a) = F =< f,a >
where 7;: Comp(Rlim);(z,y,a) — Comp(Rlim);+1(2,y,a), 1 << < {, are the

associated quotient maps, and suppose that the terminal free group in the com-
pleted resolution Comp(Res)(z,y,a) is F =< ay,...,0%, f1,.. ., fe >
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To construct test sequences associated with the completed resolution
Comp(Res)(z,y,a) we fix a (bottom to top) order of the {punctured and closed)
QH subgroups that appear in the completed abelian decompositions associated
with the various levels of the completed resolution Comp(Res)(z,y,a), and a
(bottom to top) order of the non-cyclic abelian factors and pegged abelian ver-
tex groups that appear in these abelian decompositions.

For each QH-vertex group QH; in the completed abelian decomposition of
one of the completed limit groups Comp(Rlim);{z,y,a), we fix a finite set of
essential, non-boundary parallel s.c.c. b3,...,b% . di, ..., d;, that satisfy the topo-
logical properties of Lemma 1.19. With each of the completed restricted limit
groups Comp(Rlim);(z,y,a) we associate a preferred system of generators, the
one inherited from a fixed system of generators of the completed limit group,
Comp(Rlim){z,y,a). We further fix a set of generators for each of the (pegged)
abelian groups and each of the QH vertex groups that appear in the completed
abelian splittings associated with the various levels of the completed restricted
resolution Comp(Res)(z,y,a).

For each @QH subgroup @ H; that appear in one of the abelian decompositions
along the completed resolution Comp(Res)(z,y,a), let i, ..., <pfh be the auto-
morphisms of QH,; that correspond to Dehn twists along the (pre-chosen) s.c.c.

§,...,b%, and let ¥f,...,9f be the automorphisms of QH; that correspond
to Dehn twists along the (pre-chosen) s.c.c. dj,...,d}, in correspondence. In
a similar way to the construction of quadratic test sequences (Definition 1.5},
we define the following sequences of automorphisms of the surface group QH;,
{vt,1i}, iteratively. We set 7 = id., and v} to be

. . Ei'l . fi'l . ﬁi,‘l
vi= (Y1) o (¥g)% o---o(Yp) .

For every index n > 1 we define 7} to be

n i i,n . i,n

78 = (@)™ o (ph) ™" 00 (9l )™ 0 v

and
vh = ()5 0 ()5 0.0 (u] ) o,

Like in the case of a quadratic limit group (Theorem 1.3), our aim in defining
the sequence of automorphisms {v}, 7. } is to guarantee that any action of the QH
subgroup (JH;, obtained as a limit of a converging subsequence of a test sequence
of the ambient completed limit group Comp(Rlim)(z,y,a), is a minimal IET
action of the subgroup QH; on the limit real tree. To obtain that goal we need
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to restrict the sequences of powers {[z m m "1 used in the iterative definition of
the sequences {vi, 72} to satisfy certain combmatonal conditions.

Let X be the Cayley graph of the free group Fy =< ay,...,a; >, let Y be
the Cayley graph of the completed limit group Comp(Rlim)(z,y,a), let (T, t})
be the Bass—Serre tree corresponding to the decomposition of the QH subgroup
QH; along the collection of s.c.c. bi, ..., b} , and let (T}, t};) be the Bass-Serre tree
corresponding to the decomposition of the Q H subgroup @) H; along the collection
of s.cc. db,...,di . We denote by dx, dy, drs, and dr: the natural (simplicial)
metrics on X, Y, T¥, and T} in correspondence. For e\;ery element g € QH; we
set £,(9) = drs(g(t}), t}), €a(g) = dys(g(ty),ty). If g acts hyperbolically on Tj
we denote by trb( ) the trace of the action of g on T}, and similarly if g acts
hyperbolically on T} we denote its trace by tr’(g). For an element f € Fj, let
trx(f) be the length of a cyclically reduced element that is conjugate to f in F,
i.e., the “length” of the conjugacy class of f in Fj.

Let QH; =< yi,...,y. >, and suppose that each y; can be written in a normal
en(yl) . .
form y; = a; aZ ay?(yJ ) with respect to the graph of groups corresponding to
j Y3 j

the decomposition of the (punctured or closed) surface S; (with fundamental
group QH;) associated with the curves dt,...,d¢ .

i

(y]

Let PRYi be the set of all prefixes of the words a;i afji ) for all 7,

J 93 f

1<j<s;. Weset R™ =1and R" to satisfy

RYi >2. max dy (u,d.)
uwEPR"1

where R¥! is the size of the ball whose elements are going to be “controlled” by
the automorphism v of QH;. Setting R*1, we define the set H Y¥ to be

HY" = {g € QHildy(g,id.) < R A0 < tri(g)}
and the set NF¥i to be
NF" = {g € QHildy(g,id.) < R A0 < £ifg)).

We define the constants R™ and R* iteratively. For each ¢ € QH; for which
dy (g,id.) < R¥»-1 let

) 2 tn(vi_1(g))
n-109) =0 (% @)Y (g)

be a normal form of v{_;(g) with respect to the graph of groups corresponding
to the decomposition of the surface S; by the curves b3, ..., b%.
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i ¢ l/i
Let PR™ be the set of all prefixes of the words all/i @i (@) ay?( "(;;(g))
n—1 n—1 n—1

for all g € QH,; for which dy (g,id.) < R¥»-1. We set R™ to satisfy

R™ 22 max dy((vi_,)"'(u),id.)
WEPR™™

where R™ is the size of the ball whose elements are going to be “controlled” by
the automorphism T}; of QH;. Setting R™ . we define the set, HY ™ to be

HY™ = {g € QH;ldy (g,id.) < R™ A0 < tri(vi,_1(9))}
and the set NF™ to be
NE™ = {g € QHildy(g.id.) < R™ A0 < (vh_,(g))}-
Similarly, for each g € QH; for which dy (g,4d.) < R™ let

n(ri(9))

3 1 2
T(9) = @71 ()81 (9) " i ()

be a normal form of 7 (g) with respect to the graph of groups corresponding to
the decomposition of the surface S; by the curves d%,. .., dg-

Let PR¥» be the set of all prefixes of the words ai:-l(g)azz @ " aizg';l(g)) for all
g € QH, for which dy (g,id.) < R7». We set R¥» to satisfy

R >2- max dy((r)) " (w),id.)
u€EPRYn

where RV is the size of the ball whose elements are going to be “controlled” by
the automorphism %, of QH;. Setting R, we define the set HY“» to be

HY" = {g € QH|dy (g,id.) < R A0 < tri(ri(g))}
and the set NF":I to be
NF* = {g € QH,|dy(g,id.) < R* N0 < £i(7i(g))}-

Definition 1.20: Let {vi,7:} be sequences of automorphisms of each of
the QH subgroups QH; that appear in the abelian decompositions associated
with the various levels of the completed resolution Comp(Res)(z,y,a). Let
An: Comp(Rlim)(z,y,a) — F) be a sequence of homomorphisms that factor
through the completed resolution Comp(Res)(z,y,a). Let

F=<ay,... ek f1o oo fe >
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be the terminal free group of the completed resolution Comp(Res)(z.y,a).
For every QH vertex group QH;, every index n and every g € NF™ let
i _ 1 2 ()1 (9)
Un—l(g) - au;_l(g)au:;nl(g) a}/:;_l(g)
be the previously chosen normal form of v?_,(g) with respect to the decompo-
sition of QH,; corresponding to the Bass—Serre tree T;. For every h € N Fvn
let .
‘ _ .1 2 tn(7, (h))
Talh) = ars ey O s
be the previously chosen normal form of 7¢ (k) with respect to the decomposition
of QH; corresponding to the Bass—Serre tree Té. For each positive integer m we

set
_ b+1, 2+l mb+1
fi(m) = ayaga;1a5a1a3 a; - - a1a) " May, . ..,
_ b, 2b (m+1)b
fo(m) = ara5a1a3 a; - - - ara;y a.

We say that a sequence of antomorphisms {¢?, 72} of the QH vertex groups QH;
together with the sequence of homomorphisms A,: Comp(Rlim)(z,y,a) — Fy is
a test sequence for the completed resolution Comp(Res)(z,y,a) if the following
conditions hold.

In a similar way to quadratic test sequences (Definition 1.5), for every QH
subgroup @ H; that appear in one of the abelian decompositions associated with
the completed resolution Comp(Res)(z,y,a):

(i) For n > 1 and every b}, 1 < j < ¢;:

i((piymiT .on. AR YW(a?
tri((65)™") > 100-2" - max fo(b;) Z talads ()
dy (g.id.)SR™n p<tn(g)
(ii) For n > 1 and every di,1<j <t
. N X .
()57 > 1002 max (d5)- > La(d? s,).

dy (hyid.)<R*% j<en(h)

(ili) For every n > 1 and every g,¢’ € NF™:

L))y !
Cy(1i(9") 6 (V-1 (9)) 100 - g; - 2
(iv) For every n > 1 and every g € H YT

try(ra(9)6i(vi1(9)) ‘ 1
(i (g)try(vi_1(9)) 100-¢; -2
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(v) For every n > 1 and every h,h' € NF¥n:

fi(Vi(h))l’Z'(Té(h’)) B 1‘ < 1 .
€ (vi (') 6 (ri (R)) 100 -¢; - 2°

(vi) For every n > 1 and every h € H Y¥n:

try (v, () (i () ‘ 1
G (v (h)tra(ti(h)) 100-g; - 2"

(vii) There exist constants ¢y, ca > 0 so that for every n > 1 and every h,h’ €
NF¥n:

o < BEW)Ax (R id) _
T dxOnlh), )G (R)) T

(viii) There exist constants ¢z, c4 > 0 so that for every n > 1 and every h € H Yn:

tri(vh (h))dx (An(h),id) _
trx (An (h)) €5 (Vi (R)) v

(ix) For every index n, the restriction of the homomorphism A, to the QH
subgroup QH;, A\p,: QH; — Fj, cannot be factored as A, = v o m, where
m: QH; — Q is an embedding of QH; into the fundamental group of a
surface S finitely covered by the surface S; (with fundamental group QH;),
and v: @ — F} is a homomorphism, i.e., the homomorphism A,: @ — Fi
cannot be extended to a surface covered by S.

In addition to properties (i)—(ix) we need to restrict the images of the genera-
tors { f1,..., fp} of the terminal free group F under the homomorphisms ), and
to further restrict the ratios of the sizes of elements from different QH and abelian
vertex groups to be in accordance with the (fixed) order previously defined on
these vertex groups.

(x) For each index n, A, (f1) = fi(ma), ..., An(fs) = fo(my) where n < m, <

Mp41-
(xi) We have already fixed an order on the non-cyclic abelian factors and

C3

pegged abelian vertex groups in the completed abelian splittings, so let
Abq, ..., Abg be the non-cyclic abelian factors that a pear in the free decom-
positions associated with the various levels of the completion, Comp(Res),
and PAby, ..., PAbyq be the pegged abelian groups that appear in the com-
pleted abelian splittings associated with the various levels of the completed
resolution Comp(Res)(z,y,a). Let £(i) be the level of the completed res-
olution Comp(Res)(z,y,a) in which an abelian factor Ab; appears, or a
pegged abelian group PAb; appears as a vertex group. Let B;{n) be the
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set of all elements g € Comp(Rlim)(z,y,a), so that dy(g,¢d.) < n, and
either g € Comp(Rlim)yi)41(2,9,a) or g € Ab; or g € PAb; for some
abelian or pegged abelian groups, Ab; or PAb;, which are lower in the
order defined on the abelian and pegged abelian groups in the completed
resolution Comp(Res)(z,y,a).

We have also fixed bases for the non-cyclic abelian factors and pegged
abelian groups that appear in the completed abelian splittings, so let
qi,...,q4, be a pre-chosen basis of the abelian factor Ab;, or ¢§,qj, ..., gy,
be the pre-chosen basis of PAb;, where ¢f is the peg of the pegged abelian
group PAb;.

Let dist;(n) be dist;(n) = max{dx(An(g),1d.}]g € B;{n)}. In case the
abelian group in question is a pegged abelian group PAb;, we choose A, (q;)
to commute with A,(g§) and

n - dist;(n) < dx (M (gh),id.),n - dx (Mn(gd), id.) < dx(An(gh),id.),. ..
N X dx(/\n(qfii_l),id.) < dX()\n(qfii),id.).

If the abelian group in question is a non-cyclic abelian factor Ab;,
we set h;(n) = fi(n - dist;(n)). We further set each of the elements
An(gh),- .. An(gy,) to commute with h;(n), and

n-lhi(n)] < dx (An(gh),id.),n - dx(An(gi), id.) < dx(An(gb),id.), ...
ey dx(An(gh _q),id.) < dx (An(gh,),id.).

Let QH; be a QH vertex group in the completed abelian splitting of
Comp(Rlim) ;) (2, Y. a)-

We have already fixed an order of the QH vertex groups in the completed
abelian splittings of Comp(Rlim)y;)(2,y,a). Let @B;(n) be the set of
all elements g € Comp(RIlim)(z,y,a), so that dy(g,id.) < n, and either
g € Comp(Rlim)eiy41(2,y,a) or g € Ab; or g € PAb; for some non-
cyclic abelian factor Abj, or a pegged abelian group PAb; in the abelian
decomposition associated with Comp(Rlim);y(z,y,a) or ¢ € QH; for
some QH subgroup QH; which is lower in the order defined on QH ver-
tex groups in the completed resolution Comp(Res)(z,y,a). Let Qdist;(n)
be Qdist;(n) = max{dx(M.{(g),id.})lg € @B;(n)}. Then for each element
¢ € @H; so that dy(c,id.) < n and c corresponds to a non-boundary par-
allel curve on Sgg;, the (punctured) surface corresponding to QH;:

n - Qdist;(n) < dx(Ap(c),id.).



Vol. 134, 2003 DIOPHANTINE GEOMETRY OVER GROUPS II 225

(xiii) Let c € @H; and suppose dy (¢, id.) < n. If ¢ corresponds to a non-boundary
parallel curve in Sgg,, the {punctured) surface corresponding to QH;, and
¢ has no roots in QH;; then A,(c) generates a maximal cyclic subgroup in
Fy.

(xiv) For every index n and every peg g of a pegged abelian group PAb; in one
of the levels of the completed resolution, Comp(Res)(z,y,a), A (q}) is a
primitive element in Fj.

LEMMA 1.21: There exist test sequences for every given completed resolution
Comp(Res)(z,y,a). Furthermore, given any two Integers s; < sa we can choose
the n-th specialization of a basis element of some (pegged) abelian group Ab;
or PAb,; that appears in one of the completed abelian decompositions associated
with the various levels of completed resolution Comp(Res)(z,y,a), A\(qt), for
some r > 1, to be of the form A,(gt(n)) = u™2+% for some integer m, where u
has no non-trivial roots in F.

Proof: The construction of a test sequence for a general completed resolution is
a combination of the constructions of free, quadratic, and abelian test sequences
presented in the proofs of Theorems 1.1, 1.3 and 1.8 in correspondence. We start
by applying Lemma 1.6 to construct a sequence of automorphisms {(v?,7i)}
that satisfy properties (i)—(vi) for each of the QH subgroups @ H; that appear in
the abelian decompositions associated with the various levels of the completed
resolutions Comp(Res)(z,y, a).

We construct the homomorphisms A,: Comp(Rlim)(z,y,a) — F}, iteratively
from bottom to top. First we set Ap(f1) = fi(mn). ..., An(fo) = fo(my), for some
My > my,_1 that will be specified in the sequel. Hence, property (x) is fulfilled. If
Comp(Rlim)s—1(z,y, a) is the completed limit group that lies above the bottom
one, then if we choose m, to be large enough, the image under the (completed)
map Comp(n)e—1: Comp(Rlim)e—1(z,y,a) — F} of all the edge groups that
appear in the abelian decomposition associated with Comp(Rlim)e_1(z,y,a) is
non-trivial and primitive, and the image of all the @ H vertex groups that appear
in this abelian decomposition is non-abelian.

We set A,: Comp(Rlim)e—1(2,y,a) = Fy as follows. On Comp(Rlim)¢(z,y,a)
=< f1,..., fo > we have already defined the homomorphism ), and we denote
this restriction of A, as AL, We continue by defining A, iteratively on each of
the abelian vertex groups that appear in the abelian decomposition associated
with Comp(Rlim)e—1(2,y,a), in accordance with their given order, to satisfy
condition (xi). Clearly, if ¢¢, r > 1, is a basis element of any of the abelian or
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pegged abelian groups that appear in this abelian decomposition and s; < s, are
given integers, we can choose A, (ql) = u™2+%1 where m is an integer, and u has
no roots in Fy.

Next, we define the homomorphism A, iteratively on each of the QH
subgroups @QH; that appear in the abelian decomposition associated with
Comp(Rlim)—1(2,y,a) in accordance with their given order. On each subgroup
QH; we set the homomorphism A, to be of the form

A = A7 0 Comp(n)¢—1 0 iy o 1,
where of, is an automorphism of the subgroup QH; of the form
ay, = ph o ($}) 0 (93) 0+~ 0 (), )
and i, is a (modular) automorphism of QH; chosen according to Lemma 1.19.

We have chosen the homomorphism )\f; < fiy..., fy >— Fj to guaran-
tee that AL o Comp(n)e—1: QH; — Fy has a non-abelian image. Hence, by
Lemma 1.19 and the same argument used to prove the existence of a quadratic
test sequence (Lemma 1.6), we choose the exponents e to be large enough;
properties (vii)-(ix) and properties (xii) and (xiii) hold for the homomorphisms
An: Comp(Rlim)e_1(z,y,a) = Fr. By possibly further increasing the integer m,,
used to define the homomorphism )\f; : < f1,-+.+, fo >— Fy, and further increas-
ing the exponents e, used to define the homomorphisms A3#:, and the exponents
used in setting the image of basis elements of the abelian vertex groups, we get
property (xiv) to hold as well.

So far we have defined the homomorphism A, only on the ¢ — 1-th completed
limit group Comp(Rlim),—1(z,y,a). Repeating the construction of the homo-
morphism A, for each of the abelian vertex groups and each of the QH vertex
groups that appear in the abelian decompositions associated with each of the
upper levels iteratively and according to the pre-fixed order, we obtain a homo-
morphism A,: Comp(Rlim)(z,y,a) — F} that satisfies properties (i)—(xiv) of the
lemma. ]

Having constructed test sequences, we continue the proof of Theorem 1.18
by essentially combining the arguments used to prove Theorems 1.1, 1.3
and 1.8 and 1.9. Also, we may assume that our given completed limit group
Comp(Rlim}{(z,y,a) is not the free group < f,a >, since in that case Theorem
1.18 follows from Theorem 1.2.

By the assumptions of Theorem 1.18, for every possible specialization of
(y,a) that factors through the restricted limit group Rlim(y,a), there exists
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a specialization for the variables x, so that the given equalities wi{x,y,a) =
1,...,ws(z,y,a) = 1 and inequalities vy (x,y,a) # 1,...,v.(x,y,a) # 1 are ful-
filled. Given a well-structured resolution Res(y, a) of Rlim(y,a), its completion
Comp(Res)(z,y,a), and a test sequence {(v¥,7,A,)} associated with the
completed resolution Comp{Res)(z,y,a), for each index n, we can choose a spe-
cialization z,, to be a shortest possible specialization (in the word metric on Fy)
for which

w1(Tn, An(y).a) = 1,. .., we(xpn, An(y),a) = 1A
A&, An(y), @) 1, up (@, A (), a) # 1.

If the sequence of specializations {{zn,An(2), An(y),a)} corresponding to a
test sequence and some shortest possible specializations {x,} converges, we call
the obtained limit group a test limit group. On the set of test limit groups
we define a natural partial order, by setting TLy(z, z,y,a) > TLs(z, z,y,a) if
TLy(x,z,y,a) is a quotient of TLy(x,z,y,a). By the arguments used in con-
structing the Makanin-Razborov diagram of a limit group (lemmas 5.4 and 5.5
in [Se]), there exist mazimal test limit groups and in fact there are finitely many
equivalence classes of maximal test limit groups that we denote

MTLy(z,z,y,a),..., MTLy(x,z,y,a).

Since the maximal test limit groups MTL(z, 29,a), ..., MTLy(x, 2,y,a)
were constructed using sequences of specializations {(zn,A,(z), AM(y),a)} for
which the equalities wy(zn, An(y).a) = 1,...,ws(zpn, A\ (y),a) = 1 are fulfilled,
the words wy(z,y,a),...,ws(x,y,a) represent the trivial words in the maximal
test limit groups

MTL(x,z,y,a),...,.MTL,(x,z,y,a).

Similarly, the words v (z,y,a), ..., v.(x,y, a) represent non-trivial words in these
maximal test limit groups.

By repeating the iterative modifications of the specializations {x,}, applied in
the proofs of Theorems 1.3 and 1.8, we may further replace the maximal test limit
groups MTLy(x,2,y,0),..., MTL,(z, 2, y, a) by quotients of them (still denoted
MTLj(z.z,y,a)), so that each of the maximal test limit groups MTL;(z, z,y,a)
admits a free decomposition

MTLj(x,z,y,0) = Gj(g,2,y,a)x < ey,...,eq, >
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where < er,...,eq; > is a (possibly trivial) free group on the set €1y -5 €d;)
Comp(Rlim)(z,y,a) < Gj(g,2,y,a), and G;(g, z,y,a) admits no free decompo-
sition in which Comp(Rlim)(z,y, a) is contained in one of the factors.

At this point we continue with each of the maximal test limit groups
MTLj(x, z,y,a) in parallel, by combining the arguments used to prove Theorems
1.3 and 1.8. Let MTL(z, z,y,a) be one of the maximal test limit groups. We fix
a generating system of the factor G(g,2,y,a) of MTL(z, 2,y,0), G(g, =, 5,a) =
< g1,..-19c >. We continue with all the sequences {(zn,An(2), A\n(y),a)} for
which the corresponding sequence {(An(z),a)} is a test sequence, and for every
index n:

(1) The specialization @y, is in the free group Fj * Fy4, where
MTL(z,y,2,0) = G(g,2,y,a) * Fy.

(2) The tuple (zn, An(2), An(y), a) factors through the maximal test limit group

MTL(z, zy,a).
(3) vi(zpn,s M (y)sa) # 1y v (T, A(y),a) # 1.
(4) The specializations g1(n),...,g.(n) € Fy obtained from the specialization

T, have the shortest length (in the simplicial metric on the Cayley graph

of F},) among all possible specializations z,, that satisfy properties {1)-(3).

We look at such a sequence that converges to a faithful action of MT L{z, z,y, a)

on a real tree Y;. By the shortening argument used in the proofs of Theorems

1.3 and 1.8, since the specializations g1(n), ..., g.(n) were chosen to be shortest

possible, and since the factor G{g, 2, y, a) admits no free decomposition in which

the completion Comp(z, y, a) is elliptic, the factor G(g, z,y, a) does not fix a point

in the real tree ¥;. Furthermore, the action of MTL(x,z,y,a) on the real tree
Y1 must be of one of the following types:

(1) MTL(z,2,y,a) (and G(g,z,y,a)) inherits from its action on the real
tree Y; a graph of groups with one QH subgroup @ < Comp(Rlim)(z,y,a),
which is the highest order QH subgroup in the completed resolution
Comp(Res)(z,y.,a), and several vertex groups V;(v,a), corresponding to
the various orbits of point stabilizers in the action of MTL(z,2,y,a) on
Y. The decomposition Comp(Rlim)(z,y,a) inherited from this decompo-
sition of MTL(z, z, y, a) is exactly of the same form, and is compatible with
the (top level of the) completed resolution Comp(Res)(z,y,a).

(2) MTL(z,z2,y,a) (and the factor G(g, z,y,a)) acts discretely on Y1, and it
inherits a graph of groups with several vertex groups located on a loop
with abelian stabilizer, where the Bass-Serre generator bs correspond-
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ing to the loop can be chosen to commute with the (abelian) loop sta-
bilizer. Hence, the maximal test limit group MTL admits an amalga-
mated product of the form MTL = V %43, Ab, where the subgroup Ab
is abelian, and contains the (pegged) abelian subgroup of highest order in
Comp(Res)(z,y,a). Furthermore, the (pegged) abelian group of highest
order in Comp(Res){z,y,a) is not elliptic in this amalgamated product.
The decomposition Comp(RIlim)(z, y, a) inherited from this decomposition
of MTL is exactly of the same form, and is compatible with the (top level
of the) completed resolution Comp(Res)(z,y,a).

{3) The action of the maximal test limit group MTL(z,z,y,a) (and the fac-
tor G(g, 2.y, a)) on the real tree ¥; corresponds to a unique axial compo-
nent and several point stabilizers located on that axial component. In this
case MTL (and the factor G(g, =, y, a)) admits an amalgamated product of
the form MTL =V %4, Ab, where the subgroup Ab is abelian, and con-
tains the (pegged) abelian subgroup of highest order in Comp(Res)(z,y, a).
Furthermore, the (pegged) abelian group of highest order in
Comp(Res)(z,y, a) is not elliptic in this amalgamated product. The decom-
position Comp(RIim)(z,y, a) inherited from this decomposition of MTL is
exactly of the same form, and is compatible with the (top level of the)
completed resolution Comp(Res)(z,y,a).

If the action of the maximal test limit group MTL(z, z,v, a) satisfies the prop-
erties of case (1), we continue the analysis of MT L{z, z, y, ) by analyzing each of
the vertex groups Vj(v,a) in parallel. If the action of MTL satisfies the proper-
ties of cases (2) or (3), we continue with the vertex group V, where M T L inherits
the amalgamated product MTL =V x4, Ab from its action on the real tree Y;.
By iteratively repeating this “uncovering” process (as we did in the proof of The-
orem 1.8), we are finally able to replace each of the maximal test limit groups,
MTL(z,2,y,a), with finitely many quotients (still denoted MTL;(x, z,y,a)) of
the form

MTL;(z,z,y,a) = Clj(s,z,y,a) *Ej(el,...,edj)

where Ej(eq,. ..,€4;) is a free group, freely generated by < ej,...,eq; >, and
Cl;(s, z,y,a) is a closure of the resolution Res(y,a).

The maximal test limit groups MTL;(x, 2.y, a) were obtained as the limit of
sequences of the form {(x,, A, (2), A\, (y), a)}, where for every index n the tuple
(T, Mn(2), An(y),a) factors through MTL;(x,z,y,a4) and, in addition,
vi{xn, A(y)sa) # 1,.. . v.(2n, An(y),a) # 1. Hence, there must exist a re-
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traction
n: MTL;(z,2,y,a) = Cli(s, 2,y,a)

so that the words n(vy (x,y, @), ..., n(v.(z,y, a)) are all non-trivial in the closure
Cl;(s, z,y,a). Therefore, each generator z of n(MTL;(x, 2, y, a)) can be naturally
presented as a word in the closure Cl;(Res)(s, z,y,a), i.e., z = n{z)(s, 2,y,a),
each of the words wn(z(s, z,y,a),y,a),...,ws(x(s,2,y,a),y,a) represents the
trivial word in the closure Cl;(Res)(s, z,y,a), and there exists some special-
ization (s}, 28, yd, a) for which

vl(a:(sé,zé,yé,a),yé,a) #1,. ..,vr(x(sé,zé,yé,a),yé,a) #1.

Since every test sequence associated with the completed resolution
Comp(Res)(z,y,a) can be adjoined by a sequence {z,} to form a sequence that
factors through at least one of the maximal test limit groups MTL;(x, 2, y, a), the
same argument used in proving Proposition 1.8 shows that the collection of clo-
sures Cl;(Res)(s,y,a) associated with the maximal test limit groups
MTLj(x,zy,a) has to be a covering closure.

If the graded resolution Res(y,a) is not abelian, and the words
wi(z,y,a),...,ws(z,y,a) and v1(x,y,a),...,v.(x,y,a) are coeflicient-free, then
each of the maximal test limit groups constructed by our iterative procedure has
the form

MTL;j(x,2,y,a) = Fr x Clj(s, 2,y) * Ej(e1,. .., e4;)

where Fy, is the coefficient group, and Ej(e1,...,eq,) is a (possibly trivial) free
group.
In this coefficient-free case, there must exist a retraction

n: MTLj(x,2,y,a) = Cl;(s,2,y)

for which the elements n(vi(z,y)),...,n(v.(x,y)) are mapped to non-trivial ele-
ments in Cl;(s, z,y), so that the formal solutions can be taken to be coefficient-
free, ie., x = n(x)(s, z,y)- |

For the purposes of our “trial and error” procedure for quantifier elimination,
a slight generalization of Theorem 1.18 is required. The proof of the more general
form that appears below is identical to the proof of Theorem 1.18.

THEOREM 1.22: Let F, =< ai,...,ar > be a free group, and let
u1(y,a), ..., um(y,a) be a collection of words in the alphabet {y,a} for which the
group Rlim(y,a) =<y, alui(y,a), ..., um(y,a) > is a restricted limit group. Let
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Res(y, a) be a well-structured resolution of the restricted limit group Rlim(y, a),
and let Comp(Res)(z,y,a) be the completion of the resolution Res(y,a) with a
corresponding completed limit group Comp(Rlim)(z,y, a).

Let Si(z,y,a) = 1,...,Z.(x,y,a) = 1 be a collection of systems of equations
over Fy, and let U1(z, y,a),..., V.(z,y, a) be a collection of words in the alphabet
{z,y,a}. Suppose that the sentence

Yy (ur(y,a)=1,...,upm(y,a)=1) 3z
(Zi(x,y,0) = 1AV (x,y,a) £ 1)V -V (S (z,9,0) =1 AT (x,y,a) £ 1)

is a truth sentence.

Then there exists a covering closure
Cl{Res)i(s, z,9,a)1,...,CIl(Res)q4(s, 2.y, a),

and for each index i, 1 < i < q, there exists a formal solution x;(s, z,y,a) and an
index 7(i), 1 < j(¢) < r, with the following properties:

(i) For each index i, 1 < i < ¢, all the words in the system
Y@ (xi(s,2,9,a),y,a) represent the trivial word in the restricted limit
group corresponding to the i-th closure CI(Rlim);(s,y, a).

(ii) For each index i, 1 < ¢ < q, there exists a specialization (s, 2}, y, a) that
factors through the i-th closure Cl(Res);(s, z,y,a), so that all the words in
the collection W (i (s, 2, ¥4, a), y§, a) are not the trivial element in Fy.

Furthermore, if the limit group Rlim(y,a) is not abelian, and the words
wi(z,y,a),...,ws(x,y,a), vi(x,9,a),...,v.(x,y,a) are coefficient-free, then the
formal solutions x = x;(s,z,y,a) can be taken to be coefficient-free, i.e., x =
zi(s, %, y).

2. Formal limit groups

Theorems 1.18 and 1.22 show that given a restricted limit group and a well-
structured resolution of that limit group, the validity of an AE sentence over the
given limit group implies the existence of a finite collection of formal solutions
defined over a covering closure of the resolution of that limit group. The finite
collection of formal solutions constructed in Theorems 1.18 and 1.22 are guar-
anteed to satisfy the equalities specified in the sentence, and at the same time
to admit some particular specialization for which all the inequalities specified in
the sentence are valid.

Our approach to quantifier elimination of predicates is based on the existence
of formal solutions satisfying the properties listed in Theorems 1.18 and 1.22.
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However, instead of distinguishing formal solutions which admit specializations
that satisfy the inequalities specified in the sentence, our strategy is to analyze
the entire family of formal solutions that satisfy only the equalities specified in
the sentence, so that if the sentence is indeed a truth sentence, Theorems 1.18
and 1.22 guarantee that the entire family contains a finite collection of formal
solutions defined over a covering closure of the given (well-structured) resolution
and admitting specializations that satisfy also the inequalities specified in the
sentence.

Given a restricted limit group Rlim(y,a) and a well-structured resolution
Res(y,a) of it, to analyze the family of all formal solutions of a given system
of equations X(z,y,a) = 1, defined over some closure of the completion of our
given resolution, we need to present formal limit groups and their canonically
associated formal Makanin-Razborov diagrams.

We start by defining formal limit groups.

Definition 2.1: Let Res(y,a) be a well-structured resolution of a restricted
limit group Rlim(y,a), let Comp(Res)(z,y,a) be the completed resolution of
Res(y,a), and let (z,y,a) =1 be a system of equations.

Let the sequence of automorphisms {(vi,7)} of the QH subgroups QH;
that appear in the abelian decompositions associated with the various levels in
the completed resolution Comp(Res)(z,y, a), together with the homomorphisms
{An: Comp(Rlim) — Fi}, be a test sequence associated with the completed
resolution Comp(Res)(z,y,a). For each index n suppose that there exists some
specialization x,, for which E(z,, A, (y),a) = 1.

For each index n, the homomorphism A,,: Comp(Rlim)(z,y,a) = Fy, together
with the specialization z,, defines a homomorphism from the free group with
generating set < z,2,y,a >, denoted F(z,z2,y,a), to the coeflicient group Fy,
an: F(x,2,y,0) = F.

We say that the test sequence {¥%, 7% A,} together with the sequence of special-
izations {z, } is a convergent formal sequence, if the sequence of corresponding ho-
momorphisms {a,: F(z,z,y,a) = F} is convergent (in the Gromov-Haussdorff
topology, after appropriate rescaling). We call the obtained limit group, a formal
limit group, and denote it FL(x, z,y, a).

Note that by construction Comp(Rlim)(z,y,a) < FL(x,zy,a). Since every
abelian subgroup of a limit group is contained in a unique maximal abelian sub-
group, every abelian subgroup of a limit group is contained in a unique maximal
abelian subgroup of the same rank. By replacing the (pegged) abelian groups in
Comp(Rlim)(z,y,a) by the maximal abelian groups of the same rank containing
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them in FL(x,z,y,a), we obtain a (canonical) closure of Comp(Rlim)(z,y,a)
in FL(z, z,y,a), which we call the formal closure of Comp(Rlim)(z,y,a) in the
formal limit group FL(z, z,y,a). We denote the formal closure, FCI(s, z,y, a).

To analyze formal limit groups we need to construct their associated (canoni-
cal) formal Makanin-Razborov diagrams. To do that we need to study the alge-
braic structure of formal limit groups, FL(x, 2,y, a), relative to their subgroup,
the completed restricted limit group Comp(Rlim)(z,y,a). To do that we start
by defining the formal JSJ decomposition of a formal limit group.

In the sequel below let Res(y, a) be a well-structured resolution of a restricted
limit group Rlim(y,a), and let Comp(RIlim)(z,y,a) be the limit group associ-
ated with its completion. Let X(z,y,a) = 1 be a system of equations and let
FL(z,z,y,a) be a formal limit group corresponding to the system X(z,y,a) = 1.
Let FCl(s,z,y,a) be the formal closure of Comp(RIlim)(z,y,a) in the formal
limit group FL(xz, z,y,a).

Definition 2.2: Suppose that the formal limit group FL(x, 2,y, a) does not split
as a non-trivial free product in which Comp(Rlim)(z,y, a) is contained in one of
the factors. An essential one edge abelian splitting, FL(x,z,y,a) = D x4 E or
FL(z,2,y,a) = Dx4, in which Comp(Rlim)(z,y,e) is elliptic, is called a formal
abelian splitting.

The arguments used in section 2 of [Se] naturally generalize to construct the
formal JSJ decomposition of a formal limit group.

THEOREM 2.3 (cf. ([Se], 9.2)): Let FL(x,z,y,a) be a formal limit group which
does not split as a non-trivial free product in which the completed limit group
Comp(Rlim){z,y,a) is contained in one of the factors.

There exists an essential (perhaps trivial} abelian splitting of FL(x, z,y,a),
which we call the formal JSJ decomposition of F'L(x, z,y,a), with the following
properties:

(i) Comp(Rlim)(z,y,a) is elliptic in the formal JSJ decomposition. If the
formal JSJ decomposition of F L(x, z,y,a) is not trivial, then any one edge
abelian splitting obtained by collapsing all edges but one in the formal JSJ
decomposition is a formal splitting of F L(x, z,y, a).

(ii) Every (formal) canonical maximal QH subgroup (CMQ) of FL(x, z,y, a) is
conjugate to a vertex group in the formal JSJ decomposition. Every formal
QH subgroup of FL(x,z,y,a) can be conjugated into one of the formal
CMQ subgroups of FL(x,z,y,a). Every vertex group in the formal JSJ
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decomposition which is not a CMQ subgroup of FL{x, z,y,a) is elliptic in
any formal splitting of FL(x, z,y, a).

(iii) A one edge formal splitting FL(x, z,y,a) = Dxa E or FL(x,z,y,a) = Dx4
which is hyperbolic in another such elementary formal splitting is obtained
from the formal JSJ decomposition of FL(x,z,y,a) by cutting a surface
corresponding to a formal CMQ subgroup of FL(x, z,y, a) along an essential
s.c.c.

(iv) Let © be a one edge formal abelian splitting FL(x,z2,y,a) = D %4 E or
FL(x,z,y,a) = Dx4 which is elliptic with respect to any other such one
edge formal splitting of FL(z,z,y,a). Then © is obtained from the formal
JSJ decomposition of FL(z, 2,y,a) by a sequence of collapsings, conjuga-
tions, and modifying boundary monomorphisms by conjugations.

(v) Let A be a general formal abelian splitting of FL(x,z,y,a). There ex-
ists a formal splitting A, obtained from the formal JSJ decomposition by
splitting the formal CMQ subgroups along weakly essential s.c.c. on their
corresponding surfaces, so that there exists a F L(x, z, y, a)-equivariant sim-
plicial map between a subdivision of the Bass-Serre tree Ty, to Tj.

(vi) If JSJy is another formal JSJ decomposition of FL(z,z,y,a), then JSJy
is obtained from the formal JSJ decomposition by a sequence of slidings,
conjugations, and modifying boundary monomorphisms by conjugations
(see section 1 of [Ri-Se2] for these notions)

(vii) If FL(z,z2,y,a) admits a formal abelian splitting, then the formal JSJ
decomposition of FL(x,z,y,a) is non-trivial.

In case the formal JSJ decomposition is non-trivial, it allows one to “further
simplify” formal limit groups. In order to construct formal Makaenin-Razborov
diagrams we still need to study the structure of formal limit groups with trivial
formal JSJ decomposition.

PROPOSITION 2.4: Let FL(z,z,y,a) be a formal limit group which does
not split as a non-trivial free product in which the completed limit group
Comp(Rlim)(z,y,a) is contained in one of the factors. If the formal JSJ
decomposition of FL(z, z,y, a) is trivial, then FL(z, z,y, a) is a formal closure of
Comp(Rlim)(z,y,a) < FL(z,2,y,a), i.e., FL(z, z,y,a) = FCl(s, z,y,a).

Proof: Suppose that FL(z,z,y,a) does not split as a non-trivial free product
in which Comp(RIlim)(z,y,a) is contained in one of the factors, and the formal
JSJ decomposition of FL(z, z,y,a) is trivial.
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The formal limit group FL{x,z,y,a) was constructed from a sequence of
homomorphisms «,: F(zx, z,y,a) — Fj that are composed from a test sequence
{vi, 72, An} and specializations {z,}, for which ¥(z,, An(y),a) = 1. From the
convergence of the sequence of homomorphisms {a,}3, we get a (non-trivial)
stable action of the formal limit group FL(z,z,y,a) on some real tree Y7, in
which the stabilizer of every non-degenerate segment is either trivial or abelian.

By the classification of stable actions of groups on real trees (see theorem 1.5 in
[Se]), there is a graph of groups A; with abelian edge stabilizers and fundamental
group FL(x,z,y,a), corresponding to the action of FL(x, 2,y, a) on the real tree
Y;. If the completed limit group Comp(Rlim)(z,y,a) is contained in a vertex
group of Ay, or more generally, if Comp(Rlim)(z,y,a) is contained in a funda-
mental group of a proper subgraph of Ay, the formal limit group FL(z,z,y,a)
admits a formal abelian or a free decomposition in which the completed limit
group Comp(Res)(z,y,a) is elliptic, a contradiction to our assumptions.

Hence, by the properties of a test sequence, if Comp(Res)(z,y,a) is equal to
its terminal free group F' =< a, f >, then necessarily FL(x,z,y,a) = F, and
the theorem follows. Otherwise, note that by the properties of test sequences,
the action of Comp(Res)(z,y, a) on the real tree Y, either contains a unique IET
orbit and finitely many orbits of point stabilizers, or the action is discrete with a
unique orbit of non-abelian point stabilizer and a unique edge stabilized by some
abelian subgroup of Comp(Res)(z,y,a). Since FL(z,z,y,a) inherits from its
action on Y] a graph of groups of the same form as the one Comp(Res)(z,y,a)
inherits from its action on Y;, the action of FL(x,z,y,a) on Y} must contain
also either a unique orbit of an IET component and finitely many orbits of point
stabilizers, or its action is discrete with one orbit of non-abelian point stabilizers
and one orbit of edges stabilized by some abelian subgroup of FL(z, z,y, a).

In both types of the dynamics of the action of the formal limit group
FL(x,z,y,a) on the limit tree Y}, the generators & of the formal limit group
FL(x,z,y,a) can be written as words in elements from the vertex stabilizers V;
and elements from the formal closure FCl(s, z,y,a). Now, if we restrict the spe-
cializations of the subgroup < x,z,y,a > to each of the vertex groups V; in the
graph of groups associated with the action of FL(z,z,y,a) on the real tree ¥,
with each vertex group V; we associate an action of V; on some real tree V3. Re-
peating this argument for the action of the vertex stabilizers V; on a real tree Yz,
if V; is not the free group F =< f,a >, the action of V; on Y§ must be one of two
types. Either it contains a unique orbit of an IET component and finitely many
orbits of point stabilizers, or the action is discrete with one orbit of non-abelian
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point stabilizers and one orbit of edges stabilized by some abelian subgroup of
the closure FCl(s,z,y,a). Hence, the generators z of the formal limit group
FL(z,z2,y,a) can be written as words in elements from the vertex stabilizers W;
and elements from the formal closure F'Cl(s, z,y,a). A finite induction argument
clearly finishes the proof of the proposition. ]

Defining formal limit groups and their formal JSJ decompositions, and showing
that a (relatively) freely indecomposable formal limit group with trivial formal
JSJ decomposition is a formal closure FCI(s, z,y, a) of the completed limit group
Comp(Rlim)(z,y, a), we are able to present formal Makanin-Razborov diagrams.

Let Res(y,a) be a well-structured resolution of a restricted limit group
Rlim(y, a), let Comp(Res)(z,y,a) be the completed resolution of Res(y, a), and
let ¥(z,y,a) =1 be a system of equations.

Recall that a formal limit group F'L(x, z, y, a) of the system ¥(xz,y,a) = 1 with
respect to the resolution Res(y,a) was constructed from a convergent sequence
of homomorphisms {a,: F(z,z,y,a) — Fi} composed from a test sequence
{vi, 7%, A}, and a sequence of specializations {x, } for which X(z,, A.(y),a) = 1.

On the set of formal limit groups we can naturally define a partial order, by
setting FLy(z,z,y,a) > FLa(z, 2z, ¥, a) if there exists an epimorphism

n: FLl(a:,z,y,a) - FL?(JJ,ZaZ/aa)-

By the arguments used in the construction of the Makanin-Razborov diagram
of a limit group (see lemmas 5.4 and 5.5 in [Se]), given the system of equa-
tions X(z,y,a) = 1, and the (well-structured) resolution Res(y,a), there ex-
ist maximal formal limit groups (with respect to the natural partial order),
and up to the natural equivalence relation on formal limit groups there are
only finitely many equivalence classes of formal limit groups which we denote
MFLy(z,z,y,a),..., MFLi(x, 2,y,a).

To construct the formal Makanin—Razborov diagrams of the system X(z,y,a) =
1 with respect to the restricted well-structured resolution Res(y,a), we proceed
as in the construction of the graded Makanin-Razborov diagrams (section 10 in
[Se]). We first decompose each of the maximal formal limit groups into the
maximal (Grushko’s) free decomposition in which the completed limit group
Comp(Rlim)(z,y,a) is contained in a factor. We associate the formal JSJ de-
composition with the factor containing Comp(Rlim)(z,y,a), and the (standard)
abelian JSJ decomposition with each of the other factors. These associated JSJ
decompositions naturally define the formal modular groups of each of the max-
imal formal limit groups M FL;(x,2,y,a). Having these modular groups, and
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assuming they are not trivial, we are able to define formal shortening quotients
of each of the maximal formal limit groups. By the argument used to prove claim
5.3 in [Se], every formal shortening quotient of a formal limit group is a proper
quotient of it.

Now, by the arguments used to prove lemmas 5.4 and 5.5 in [Se], there
are maximal formal shortening quotients, and up to the natural equivalence
classes of formal limit groups there are only finitely many equivalence classes
of maximal shortening quotients of each of the maximal formal limit groups
MFLy(x,2,9,0),..., MFL{z, z,y,a).

Since a formal limit group is in particular a limit group, any properly decreas-
ing sequence of formal limit groups terminates. Therefore, if we continue the
above construction of maximal formal free decompositions, formal JSJ decompo-
sitions and formal modular groups for each of the factors, and then collect the
(canonical) family of maximal formal shortening quotients, we are guaranteed
that this iterative construction terminates. We call the obtained diagram the
formal Makanin-Razborov diagram of the system of equations ¥(z,y,a) = 1 with
respect to the (well-structured) resolution Res(y,a). We call each path in this
(directed) diagram a formal resolution and denote it FRes(x, z,y,a). Note that
by Proposition 2.4, every formal resolution terminates with a formal limit group
of the form FCl(s, z,y,a)* F', where FCl(s, z,y,a) is a closure of the resolution
Res(y,a) and F is some (possibly trivial) free group. In particular, every formal
resolution in the formal Makanin-Razborov diagram is defined over some closure
of the completed limit group Comp(Rlim)(z,y,a).

Theorems 1.18 and 1.22 prove that if an AF sentence defined over some limit
group is a truth sentence, then there exist formal solutions that may serve as
“witnesses” for the correctness of the sentence in a “generic” point of the variety
associated with the given limit group. Along our “trial and error” procedure
for quantifier elimination we are not going to look for specific formal solutions
that satisfy the conclusions of Theorems 1.18 and 1.22, but rather study the
entire collection of formal solutions by studying the maximal formal limit groups
associated with systems of equations with respect to some given resolutions, and
then use the conclusions of Theorems 1.18 and 1.22 which guarantee that these
entire collections of formal solutions contain formal solutions with the properties
listed in these theorems. Since this point of view is used extensively in our
quantifier elimination procedure, we prefer to state it specifically as a corollary.

COROLLARY 2.5: Let F, =< way,...,ax > be a free group, and let
u1(y,a), ..., um(y,a) be a collection of words in the alphabet {y, a}, for which the
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group Rlim(y, o) =< y,alu1(y, a), ..., un(y, a) > is a restricted limit group. Let
Res(y, a) be a well-structured resolution of the restricted limit group Rlim(y, a),
and let Comp(Res)(z,y,a) be the completion of the resolution Res(y,a) with a
corresponding completed limit group Comp(Rlim)(z,y, a).

Let ¥(z,y,a) = 1 be a system of equations over Fj, and let
vi(z,y.a),...,v.(z,y,a) be a collection of words in the alphabet {z,y,a}. Sup-
pose that the sentence

Yy (ui(y,a)=1,...,um(y,a)=1) Hz
S(z,y,a) =1 Av(zyy,a0) #1,. (2, y,a) # 1

is a truth sentence.
Then there exists a covering closure

Cl(Res)i(s, z,y,a),...,Cl(Res)q(s, 2,y, a),

and formal resolutions FResi(x,2,y,a),...,FResq(z,2,y,a) In the formal
Makanin—-Razborov diagram associated with the system of equations ¥(z, y,a) =
1 and the well-structured resolution Res(y,a), with the following properties:

(i) For each index i, 1 < i < g, the formal resolution FRes;(s,z,y,a) ter-
minates with a formal limit group of the form Cl;{s, z,y,a) *x F; for some
(possibly trivial) free group Fj.

(ii) For each index i, 1 < i < .q, there exists a formal solution z;(s,z,y,a)
that factors through the resolution F Res;(x,z,y,a), and a specialization
(8, b, f&,a) that factors through the i-th closure Cl(Res)(s,z,y,a), so
that for every index j

vy (Ii(szh yg)v féa a)a yéa a) 7é 1.

In particular, in case the above sentence is a truth sentence, the set of clo-
sures that appear in the terminal points of the formal resolutions in the formal
Makanin-Razborov diagrams of the system Y(x,y,a) = 1 and the resolution
Res(y, a) contains a covering closure of the restricted resolution Res(y, a).

In a similar way, we get the following corollary from Theorem 1.22.

COROLLARY 2.6: Let F, =< aj,...,arx > be a free group, and let
u1{y,a),- .., um(y,a) be a collection of words in the alphabet {y,a}, for which the
group Rlim(y, a) =< y,alui(y,a), ..., un(y,a) > is a restricted limit group. Let
Res(y,a) be a well-structured resolution of the restricted limit group Rlim(y, a),
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and let Comp(Res)(z,y,a) be the completion of the resolution Res(y,a), with a
corresponding completed limit group Comp(Rlim)(z,y, a).

Let ¥y(z,y,a) =1,...,8.(z,y,a) = 1 be a collection of systems of equations
over Fy, and let V1 (z,y,a),...,%,.(x,y,a) be a set of collections of words in the
alphabet {z,y,a}. Suppose that the sentence:

Vy (ul(yva) = 1,‘..,um(y,a) = 1) Jx (21(1',1,/,0,) = 1/\‘1’1(.’[5,1/,(1) 7é 1)\/
VeV (E(x,y,a) = 1AV, (z,y,a) #1)

is a truth sentence.
Then there exists a covering closure

Cl(Res)1(s,z,y,a)1,...,Cl(Res)q(s, z,y,a),

and formal resolutions FResi(x,z2,y,a),...,FResq(z,z,y,a), where for each
index i, 1 < 1 < gq, there exists some index j(i), 1 < j(i) < r, for which
FRes;(x,2,y,a) is a formal resolution in the formal Makanin-Razborov diagram
of the system of equations X;;(x,y,a) = 1 and the well-structured resolution
Res(y, a), with the following properties:

(i) For each index i, 1 < i < q, the formal resolution FRes;(s,z,y,a) ter-
minates with a formal limit group of the form Cl;(s, z,y,a) *x F; for some
(possibly trivial) free group F;.

(ii) For each index i, 1 < i < g, there exists a formal solution x;(s,2,y,a)
that factors through the formal resolution FRes;(x,z,y,a), so that there
exists a specialization (s}, yg, fi,a) that factors through the i-th closure
Cl(Res);(s, z,y,a) so that all the words in the collection

‘II_](Z)("BZ(SE)! y(L), f(z)a Cl), yé? fé7 a)

are not the trivial element in Fj.

In particular, in case the above sentence is a truth sentence, the set of closures
that appear as the terminal points of the formal resolutions in the collection of
formal Makanin—-Razborov diagrams of the systems ¥;(z,y,a) = 1 and the reso-
lution Res(y,a) contains a covering closure of the restricted resolution Res(y, a).

3. Graded formal limit groups

Theorems 1.18 and 1.22 show that given a restricted limit group and a well-
structured resolution of that limit group, the validity of an AF sentence defined
over the given restricted limit group implies the existence of a finite collection
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of formal solutions defined over a covering closure of the given well-structured
resolution of that limit group.

In the previous section we studied the entire family of formal solutions of
a system of equations Y(z,y,a) = 1 with respect to a given well-structured
resolution Res(y,a). For the purpose of our quantifier elimination procedure, an
understanding of the structure of such families of formal solutions is not sufficient.
Our quantifier elimination procedure requires a careful analysis of parametric
families of formal solutions, i.e., given a graded limit group Glim(y, p, a), a (well-
structured) graded resolution of it, GRes(y,p,a), and a parametric system of
equations ¥(x, y,p,a) = 1, we need to study how the family of formal solutions
of the system ¥(z,y,p,a) and the graded resolution GRes(y, p,a) varies with a
change of the defining parameters p. To analyze the variation of the set of formal
solutions, we combine the techniques used in the previous section with those used
in the construction of the graded Makanin-Razborov diagram of a graded limit
group presented in sections 9 and 10 in [Se].

Let Glim(y,p,a) be a graded limit group, and let GRes(y,p,a) be a well-
structured graded resolution of it. The graded resolution GRes(y, p, a) terminates
in either a rigid graded limit group, Rgd(y, p,a), or a solid graded limit group,
Sld(y, p,a). By section 10 in [Se], for any given specialization po of the defining
parameters p, the graded resolution GRes(y, p, a) “covers” at most finitely many
ungraded resolutions of the form Res(y,po,a), where each of the resolutions
Res(y,p,a) terminates in either a rigid specialization of Rgd(y,p,a), in case
the graded resolution GRes(y,p,a) terminates in the rigid graded limit group
Rgd(y,p,a), or a solid family of specializations of Sld(y, p, a), in case the graded
resolution GRes(y,p,a) terminates in the solid graded limit group Sld(y,p,a).
Since the graded resolution GRes(y,p,a) is well-structured, so are all the non-
degenerate ungraded resolutions Res(y, pg,a) covered by it.

In analyzing the entire collection of formal solutions of the system ¥{z, y, po, @)
=1 and an ungraded resolution of the form Res(y, po,a), which is “covered” by
the graded resolution GRes(y, p, a), we will assume that the ungraded resolution
Res(y, po, a) is non-degenerate. According to section 11 of [Se], there are finitely
many ways for the “covered” ungraded resolution Res(y, po, a) to be degenerate,
and the collection of all formal solutions defined over ungraded resolutions that
are degenerated in a particular way (one of the finitely many possibilities) can
be analyzed using precisely the same procedure used to analyze the collection of
formal solutions defined over non-degenerate ungraded resolutions.

In Section 1 of this paper we defined the completion of a well-structured
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ungraded resolution. Hence, with each of the (non-degenerate, well-structured)
ungraded resolutions Res(y,pg,a) that is covered by the graded resolution
GRes(y,p,a), we can associate its completion Comp(Res)(z,y, po,a). Since all
the (non-degenerate) ungraded resolutions Res(y, po, a) are covered by the graded
resolution GRes(y, p,a), they all terminate in the same free group which we de-
note by < a,f >, and the variables >z added at the various levels in each of
the completions Comp(Res)(z,y, po, a), associated with the ungraded resolutions
Res(y, pg,a), are added in a compatible way in accordance with the structure of
the graded resolution GRes(y, p, a). Also, the decompositions associated with the
different levels of the completed resolutions Comp(Res)(y, po, a) are compatible,
which implies the compatibility of the @QH subgroups appearing in the different
levels, as well as the abelian vertex and edge groups that appear in the various
levels of those completions.

As in the ungraded setup, given a graded limit group, Glim(y,p,a), and a
graded well-structured resolution of it, G Res(y, p, a), to analyze the family of all
formal solutions of a given system of parametric equations ¥(x, y,p,a) = 1 and a
(non-degenerate) ungraded resolutions Res(y, po,a) that is covered by the given
graded resolution GRes(y,p,a), we need to present graded formal limit groups
and their canonically associated graded formal Makanin-Razborov diagrams. As
we did in the first two sections of this paper, to construct graded formal limit
groups we start by defining graded test sequences associated with the graded
resolution GRes(y, p, a).

The structure of all the non-degenerate ungraded resolutions GRes(y, po, a)
covered by the graded resolution GRes(y,p,a) is compatible. Hence, as we did
in the ungraded case, to define graded test sequences we fix a (bottom to top)
order of the @H and abelian vertex groups that appear in the completion of the
non-degenerate ungraded resolutions G Res(y, po, a) covered by GRes(y,p,a). We
also fix an (ordered) bases for the abelian and pegged abelian groups that appear
in such (non-degenerate) completed resolutions Comp(GRes)(z,y, a).

Definition 3.1: Let Glim(y,p,a) be a graded limit group, and let GRes(y,p, a)
be a well-structured graded resolution of Glim(y, p, a) that terminates in either a
rigid graded limit group Rgd(y, p, &) or a solid graded limit group Sld(y, p,a). Let
X be the Cayley graph of Fy, =< a1,...,a, > and let Y be the Cayley graph of
Comp(Glim)(z,y,p, a). Let dx and dy be the corresponding (simplicial) metrics.

Let {(yn,Pn,a)} be a sequence of either rigid or solid specializations of the
terminal rigid or solid graded limit groups of the graded resolution GRes(y, p, a),
Rgd(y,p,a) or Sld(y,p,a) in correspondence, and let {GRes(y,pn,a)} be the
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ungraded resolutions covered by GRes(y, p, a) corresponding to these specializa-
tions. We say that the sequence {(yn,pn,a)}, together with a sequence of au-
tomorphisms {(v%,72)} of the QH subgroups that appear in the graded abelian
decompositions associated with the various levels in the completed resolutions
Comp(GRes)(z,y, pn,a), and a sequence of homomorphisms

{An: Comp(Glim)(z,y, pn,a) = Fi},

is a graded test sequence if the following conditions hold.
For every index n:
(i) The ungraded resolutions G Res(y, pn,a) are non-degenerate.
(i) Conditions (i)—(xiv) of Definition 1.20 (defining an ungraded test sequence)
hold for the completed ungraded resolution Comp(GRes)(z,y,pn,a), the
automorphisms {(v%,72)} and the homomorphism

An: Comp(GRes)(z,y, pn,a) — Fy.

(iil) If g € Comp(Glim)(z,y,p,a), dy(g,id.) < n, and g is not elliptic in at least
one of the abelian decompositions associated with the various levels of the
(ungraded) completed resolution Comp(Res)(z,y,pn,a), then

n-maxdx(pp,id.) < dx(An(g),1d.).

LEMMA 3.2: Let GRes(y,p,a) be a well-structured graded resolution of the
graded limit group Glim(y,p,a). Let {(yn,pn,a)} be a sequence of either rigid
or solid specializations of the terminal rigid or solid limit group, Rgd(y,p,a)
or Sld(y, p,a), for which the corresponding ungraded resolutions GRes(y, pn, a)
covered by the graded resolution GRes(y,p,a) are non-degenerate. Then there
exists a sequence of automorphisms {(v,7i)} of the QH subgroups that appear
in the abelian decompositions associated with the various levels of the completed

resolutions {Comp(GRes)(z,y, pn,a)} and homomorphisms
{An: Comp(Glim)(z,y, pn,a) — Fi},

so that these sequences together with the given sequence of specializations
{(yn.pn,a)} is a graded test sequence. Furthermore, given any two Integers
$1 < sg we can choose the n-th specialization of a basis element ¢ of some of
the (pegged) abelian groups that appear in an abelian decomposition associated
with some level of the completed resolution Comp(GRes)(y, pn,a) to be of the
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form A, (g}) = hT2%51 for some integer m, and so that the element h,, has no
non-trivial roots in Fy.

Proof: Since for every index n, the ungraded resolution GRes(y,pp,a) is as-
sumed to be non-degenerate, the proof of the lemma is identical to the proof of
Lemma 1.21. |

Constructing graded test sequences, we are finally able to start analyzing the
family of formal solutions of a given system of equations with respect to a given
(well-structured) graded resolution. We start this analysis by defining graded
formal limit groups.

Definition 3.3: Let X(x,y,p,a) = 1 be a system of equations, and let
GRes(y,p,a) be a well-structured graded resolution of a graded limit group
Glim(y,p,a). Let {(yn,pn,a)} be a sequence of either rigid or solid specializa-
tions of the terminal rigid or solid limit group of the graded resolution
GRes(y,p,a), Rgd(y,p,a) or Sld(y,p,a) in correspondence. Let the sequence of
specializations {(yn,pn,a)} together with a sequence of automorphisms
{(v:,72)} of the QH subgroups QH; that appear in the abelian decompositions
associated with the wvarious levels of the completed resolutions
{Comp(GRes)(z,y,pn,a)}, and the sequence of homomorphisms

{An: Comp(GRes)(2,y,pn,a) = Fi}

be a graded test sequence. Suppose that for every index n there exists some spe-
cialization x,, for which ¥(x,, \,(y), pn,a) = 1. For each index n, the homomor-
phism A,: Comp(GRes)(z,y,Pn, @) = Fi together with the specialization z,, de-
fine a homomorphism from the free group F(z, z,y,p, a) to Fy, Bn: Flz, z,y,p,a)
— F.

We say that the given test sequence together with the sequence of specializa-
tions {z,} is a convergent graded formal sequence, if the corresponding sequence
of homomorphisms {3,: F(z,z2,y,p,a) — Fg} is convergent (in the Gromov—
Haussdorff topology, after appropriate rescaling). We call the obtained limit
group a graded formal limit group, and denote it GFL(z, 2, y,p, a).

As in analyzing (ungraded) formal limit groups, with a graded formal limit
group we can naturally associate a graded formal closure.

Definition 3.4: Let GFL(z,z,y,p,a) be a graded formal limit group, and let

C(z,y,p,0) =< z,y,p,a >< GFL(z, z,y,p, a).
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Since every abelian subgroup of a limit group is contained in a unique maximal
abelian subgroup, every abelian subgroup of a limit group is contained in a unique
maximal abelian subgroup of the same rank. By replacing the (pegged) abelian
groups that appear in the abelian decompositions associated with the various
levels in the graded completion, C(z,y, p,a), by the maximal abelian groups of
the same rank containing them in GFL(z,z,y,p,a), we obtain a (canonical)
subgroup (graded closure) in GFL(z, z,y,p, a), which we call the graded formal
closure of C(z,y,p,a) in the graded formal limit group GFL(x,z,y,p,a). We
denote the graded formal closure GFCl(s, z, y,p, a).

To analyze graded formal limit groups we need to construct their associated
(canonical) graded formal Makanin-Razborov diagrams. To do that we need to
study the algebraic structure of graded formal limit groups GFL(x,z2,y,Dp,a)
relative to the subgroup < z,y,p,a >. To do that we start by defining the graded
formal JSJ decomposition of a graded formal limit group.

In the sequel below let GRes(y,p,a) be a well-structured graded Makanin-
Razborov resolution of a graded limit group Glim(y, p, a), and let £(z,y,p,a) =1
be a system of equations. Let GFL(x, z,y,p,a) be a graded formal limit group
with respect to the system of equations ¥(x,y,p,a) = 1 relative to the well-
structured graded resolution GRes(y, p,a). We further use the notation

C(z,y,p,a) =< z,y,p,a >< GFL(x, z,y,p, a),
AP =< a,p>< GFL(z,z,y,p,a).

Definition 3.5: Suppose the graded formal limit group GFL(x, z,y,p,a) does
not split into a non-trivial free product in which C(z,y,p, a) is contained in one
of the factors. A one edge essential abelian splitting, GFL(x, z,y,p,a) = D*4 E
or GFL(x,z,y,p,a) = Dx4, in which C(z,y,p,a) is elliptic, is called a graded
formal abelian splitting.

The arguments used in section 2 of [Se] to construct the abelian JSJ decom-
position of a limit group naturally generalize to construct the graded formal JSJ
decomposition of a graded formal limit group.

THEOREM 3.6 (cf. ([Se], 9.2)): Let GFL(x,z,y,p,a) be a graded formal limit
group which does not split to a non-trivial free product in which the subgroup
C(z,y,p,a) is contained in one of the factors.

There exists an essential (perhaps trivial) abelian splitting of GF L(x, z,y,p, a),
which we call the graded formal JSJ decomposition of GFL(x, z,y, p, a), with the
following properties:
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(i)

(i)

(iv)

(vit)

C(z,y,p,a) is elliptic in the graded formal JSJ decomposition. If the graded
formal JSJ decomposition of GFL(x, z,y,p, a) is non-trivial, then any one
edge abelian splitting obtained by collapsing all edges but one in the graded
formal JSJ decomposition is a graded formal splitting of GF L(x, z, 4, p, a).
Every graded (formal) canonical maximal QH subgroup (CMQ) of
GFL(z,z,y,p,a) is conjugate to a vertex group in the graded formal JSJ
decomposition. Every graded formal QH subgroup of GFL(z, z,y,p,a) can
be conjugated into one of the graded formal CMQ subgroups of
GFL(x,z,y,p,a). Every vertex group in the graded formal JSJ decom-
position which is not a CMQ subgroup of GFL(x,z,y,p,a) is elliptic in
any graded formal splitting of GFL(z, z,y,p, a).

A one edge graded formal splitting

GFL(z,z,y,p,a)=Dx4 E or GFL(x,z9,p.a) = Dxy,

which is hyperbolic in another such elementary graded formal splitting, is
obtained from the graded formal JSJ decomposition of GFL(x,z,y,p,a)
by cutting a surface corresponding to a graded (formal) CMQ subgroup of
GFL(x,z,y,p,a) along an essential s.c.c..

Let © be a one edge graded formal splitting GFL(x, z,y,p,a) = D x4 E
or GFL(x,z,y,p,a) = Dx4, which is elliptic with respect to any other
such one edge graded formal splitting of GFL(z, z,y,p,a). Then © is ob-
tained from the graded formal JSJ decomposition of GFL(x, z,y,p,a) by a
sequence of collapsings, conjugations, and modifying boundary monomor-
phisms by conjugations.

Let A be a general graded formal abelian splitting of GFL(z, z,y,p, a).
There exists a graded formal splitting A, obtained from the graded for-
mal JSJ decomposition by splitting the graded (formal) CMQ subgroups
along essential s.c.c. on their corresponding surfaces, so that there exists a
GFL(z,z,y,p,a)-equivariant simplicial map between a subdivision of the
Bass—Serre tree Ty, to Tj.

If JSJ, is another graded formal JSJ decomposition of GFL(x, z,y,p, a),
then JSJ; is obtained from the graded formal JSJ decomposition by a se-
quence of slidings, conjugations, and modifying boundary monomorphisms
by conjugations (see section 1 of [Ri-Se2] for these notions).

If GFL(x,z,y,p,a) admits a formal abelian splitting, then the graded for-
mal JSJ decomposition of GFL(x,z,y,p, f,a) is non-trivial.

As in analyzing graded limit groups, the graded formal JSJ decomposition



246 Z. SELA Isr. J. Math.

allows one to “further simplify” graded formal limit groups in case it is not trivial.
In order to construct graded formal Makanin-Razborov diagrams we still need to
study the structure of rigid graded formal limit groups (i.e., graded formal limit
groups with trivial graded formal JSJ decomposition), as well as solid graded
formal limit groups.

In both cases we divide our study into two parts. First we assume that the
graded resolution we have started with, GRes(y,a), terminates in a rigid limit
group, and then we analyze the case in which the graded resolution GRes(y, a)
terminates in a solid limit group.

THEOREM 3.7: Let GFL(x,z,y,p,a) be a graded formal limit group that does
not split as a non-trivial free product in which the subgroup C(z,y,p,a) is con-
tained in one of the factors, and suppose that the graded formal JSJ decomposi-
tion of GFL(z,z,y,p, a) is trivial.

(i) Suppose that the graded resolution we have started with, GRes(y, a), ter-
minates in a rigid limit group. Then there exists a rigid graded (not for-
mal!) limit group Rgd(b,p,a), so that GFL(x, z,y,p,a) can be written as
an amalgamated product

GFL(.’L‘, 5Y,D, a’) = Rgd(bv b, (1) *Term(3,z,p,a) GFCI(S- 2, Y, Dy 0,).

(i1) Suppose that the graded resolution we have started with, GRes(y,a), ter-
minates in a solid limit group. Then there exists a graded (not formal!)
limit group Glim:(b,p,a), which is either rigid or solid (with respect to
the defining parameters p), so that GFL(x, z,y,p,a) can be written as an
amalgamated product

GFL(f, 2, Y,Ps a) = Gllmt (b, D, a) *Term(3,z,p,a) GFCZ(S7 Y, Py (1),

where in both cases GFCl(s, z,y,p,a) is the graded formal closure associ-
ated with GFL{(z,z,y,p,a) and Term(8,z,p,a) is the terminal subgroup
of the graded formal closure GFCl(s, z,y,p, a).

Proof: Suppose that the graded resolution G Res(y, a) terminates in a rigid limit
group, and the graded formal limit group GFL(z, z,y, p, a) does not split as a
non-trivial free product in which C(z,y,p,a) is contained in one of the factors,
and the graded formal JSJ decomposition of GFL(z, z,y, p, a) is trivial.

The graded formal limit group GFL(z, z,y,p, a) was constructed from a con-
vergent graded formal sequence, obtained from a test sequence composed of spe-
cializations {{yn,pn,a)}, of the terminal rigid graded limit group of the graded
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resolution GRes(y, p, a), automorphisms {(v%,72)} of the QH subgroups that ap-
pear in the various levels in the completed resolutions Comp(GRes)(2, Y, Pn, ),
and homomorphisms {A,: Comp(GRes)(z,y,pn,a) = Fi}, and a sequence of
specializations {x,}, for which (2., An(y),pr,a) = 1, so that the sequence of
homomorphisms «, : F(z, z,y,p,a) — F) converges.

From the convergence of the sequence of homomorphisms

{an: F(z,2,9,p,a) = Fy},

we get a (non-trivial) stable action of the graded formal limit group
GFL(x,zy,p,a) on a real tree Y;. By the classification of stable actions of f.g.
groups on real trees (see theorem 1.5 in [Se]), with the action of GFL(z, z,y, p, @)
on the real tree Y7, there is an associated (non-trivial) graph of groups A; with
abelian edge stabilizers. If the subgroup C(z,y, p, a) is contained in a vertex group
of A1, or more generally, if C(z,y,p, a) is contained in the fundamental group of
a proper subgraph of Ay, the graded formal limit group GFL(z, z,y, p, a) admits
a non-trivial graded formal decomposition, a contradiction to our assumptions.
Suppose that the graded limit group Glim(y, p, a), associated with the graded
resolution GRes(y,p,a), is of the form Glim(y,p,a) = Rgd(w,p,a)x < f >,
where F' =< fy,...,f. > is a free group and Rgd(w,p,a) is a rigid graded
(not formal!) limit group, and the graded resolution GRes(y, p,a) terminates in
the rigid graded limit group Rgd(w,p,a). In this case, since GFL(z,z,y,p,a)
admits no free decomposition in which C(z,y,p,a) is contained in one of the
factors, since the graded formal JS3J decomposition of GFL{z, z,y, p, @) is trivial,
and since GFL(z, z,y, p, @) admits a non-trivial action on a real tree, necessarily
GFL(z,z2,y,p,a) = Rgd(b,p,a)xF,s0 GFL(x,2,y,p,a) = Rgd(b, p, a)* Rgd(w.p,a)
(Rgd(w,p,a) = F'), which proves the statement of the theorem in case

Glim(x, 2,y,p,a) = Rgd(w,p,a) * F.

Hence, we may assume that Glim(y,p, «) is not of the form Rgd(w,p,a) * F
for Rgd(w,p,a) rigid, F free, and GRes(y,p,a) terminates in Rgd(w,p,a). By
the properties of a graded formal test sequence (Definition 3.1), the action of
C(z,y,p,0) on the real tree Y7 either contains a unique IET orbit and finitely
many orbits of point stabilizers, or the action is discrete with a unique orbit
of non-abelian point stabilizer and a unique edge stabilized by some abelian
subgroup of C(z,y,p,a). Since GFL(x,z2,y,p,a) inherits from its action on Y;
a graph of groups of the same form as the one C(z,y,p, f,a) inherits from its
action on Y3, the action of GFL(z, z,y,p,a) on ¥] must contain either a unique
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orbit of an IET component and finitely many orbits of point stabilizers, or its
action is discrete with one orbit of non-abelian point stabilizers and one orbit of
edges stabilized by some abelian subgroup of GFL(z, z,y,p, a).

In both types of the dynamics of the action of GFL(x, z,y,p,a) on the limit
tree Y1, the generators x of the graded formal limit group GFL(x, z,y, p, a) can be
written as words in elements from the vertex stabilizers V{ and elements from the
graded formal closure GFCl(s, z,y,p, a). “Uncovering” the top level, we continue
with each of the non-abelian, non-Q H vertex stabilizers V} in the graph of groups
Ay, and the actions these vertex stabilizers obtain on corresponding real trees Y;
Repeating the argument used for analyzing the action of GF L(x, y, z,p, a) on the
real tree Y7, for the actions of the groups V7 on the real trees Y, if C(2,y,p,a)N
V{ is not of the form Term(w,p,a) * F where F =< f1,..., f. > is free, and
Term(w, p,a) is the terminal subgroup of the completion C(z,y,p,a), i.e., if we
did not yet “finished” with all the levels of the graded resolution GRes(y,p, a),
the action of V{ on Y7 must have the same dynamics as one of the two possibilities
described above, i.e., either it contains a unique orbit of an IET component and
finitely many orbits of point stabilizers, or the action is discrete with one orbit
of non-abelian point stabilizers and one orbit of edges stabilized by some abelian
subgroup of the graded formal closure GFCI(s, z,y,p, a). Hence, the generators
x of the formal limit group GFL(z,z,y,p,a) can again be written as words in
elements from vertex stabilizers W2 and elements from the graded formal closure
GFCl(s,z,y,p, a).

This process continues until at some stage ¢, C(z,y,p,a) NV} is of the form
Term(w, p,a)x F, where F is free, and Term(w, p, a) is the terminal group in the
graded completion C(z,y,p,a). Therefore, a finite induction argument implies
that every element in the graded formal limit group GFL(z,z2,y,p,a) can be
written as a word in elements from the graded formal closure GFCI(s, z,y, p, a0},
and elements from the terminal vertex Vp, which is necessarily rigid. We denote
this terminal vertex group Vo, Rgd(b,p,a). Clearly, the terminal group of the
graded formal closure GFCl(s,z,p,a), which we denote Term(s,z,p,a), is a
subgroup of Rgd(b,p,a), and part (i) of the theorem follows.

The proof of the theorem in case the graded resolution GRes(y, p, a) terminates
in a solid limit group (part (ii)) is identical. |

Defining graded formal limit groups and their graded formal JSJ decomposi-
tions, and showing that a (relatively) freely indecomposable graded formal limit
group with trivial formal JSJ decomposition has the “same structure” as a graded
formal closure GFCl(s, z,y,p, a), we are able to present graded formal Makanin—
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Razborov diagrams.

Let GRes(y, p, a) be a graded well-structured resolution of a graded limit group
Glim(y,p,a), and let £(z,y,p,a) = 1 be a system of equations.

Recall that a graded formal limit group GFL(z,z,y,p,a) of the system
S(x,y,p,a) = 1 with respect to the graded resolution GRes(y,p,a) was con-
structed from a graded formal test sequence.

On the set of graded formal limit groups GFL(x, z,y,p,a) associated with
the system Yz, z,y,p,a) = 1, and the graded formal resolution GRes(y,p,a),
we can naturally define a partial order. We say that GFL,(z,z,y,p,a) >
GFLy(x, 2,y,p,a), if there exists an epimorphism

n: GFLy(x,z,y,p,a) & GF La(x, 2,4, p, a).

By the arguments used in the construction of the Makanin-Razborov diagram
of a limit group (lemmas 5.4 and 5.5 in [Se]), given the system of equations
Y(z,y,p,a) = 1 and the graded resolution GRes(y,p.a), there exist mazimal
graded formal limit groups and up to the natural equivalence relation on graded
formal limit groups there are only finitely many equivalence classes of maximal
graded formal limit groups which we denote

MGFL\(z,2,y,p,a),..., MGFL,(x, z,y,p, a).

To construct the graded formal Makanin-Razborov diagram of the system
Y(z,y,p,a) = 1 with respect to the graded resolution GRes(y, p,a), we proceed
as in the construction of the graded Makanin-Razborov diagrams (see sections
9 and 10 in [Se]). We first decompose each of the maximal graded formal limit
groups into the maximal (canonical) free decomposition in which the subgroup

C(z,y,pa) =< z,y,p,a >< MGFLy(x, z,y,p,a)

is contained in a factor. We associate the graded formal JSJ decomposition with
the factor containing C(z,y,p,a), and the (standard) abelian JSJ decomposition
with each of the other factors. These associated JSJ decompositions naturally
define the graded formal modular groups of each of the maximal graded formal
limit groups MGFL;(x, z,y,p, a). Having these modular groups, we are able to
define graded formal shortening quotients of each of the maximal graded formal
limit groups.

Theorem 3.7 analyzes graded formal limit groups with trivial graded formal
JSJ decomposition. In a similar way, one can analyze graded formal limit groups
with non-trivial graded formal JSJ decomposition, which are isomorphic to one of
their graded formal shortening quotients, which we call solid formal limit groups.
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THEOREM 3.8: Let GFL(x,z,y,p,a) be a graded formal limit group which does
not split as a non-trivial free product in which the subgroup C(z,y,p,a) is con-
tained in one of the factors. Suppose that the graded formal JSJ decomposition
of GFL(z,z,y,p,a) is non-trivial, and there exists a graded formal shortening
quotient of GF L(z, z,y,p,a) that is isomorphic to GFL(z, z,y, p, a).

Then there exists a solid (not formal!) limit group Sld(b,p,a), so that the
graded formal limit group GFL(z, z,y,p,a) can be written in the form

GFL(.Z‘, YD a) = Sld(b?pv a) *Term(3,z.p,a) GFCI(S, ZyYs Py (I),

where GFCl(s,z,y,p,a) is the graded formal closure associated with
GFL(z,zy,p,a), and Term(§,z,p,a) is the terminal subgroup of the graded
formal closure GFCl(s, z,y,p, a).

Proof: Identical with the proof of Theorem 3.7. |

The combination of Theorems 3.7 and 3.8 allows us to complete the construc-
tion of the graded formal Makanin-Razborov diagram. Suppose that the graded
formal limit group GFL(z, z,y,p,a) admits a non-trivial graded formal JSJ de-
composition, and every graded formal shortening quotient of it is a proper quo-
tient. By the arguments used to prove lemmas 5.4 and 5.5 in [Se|, there are
maximal graded formal shortening quotients, and up to the natural equivalence
classes of graded formal limit groups there are only finitely many equivalence
classes of maximal graded formal shortening quotients of each of the maximal
graded formal limit groups MGFSQ:(x, z,y,p,a), ..., MGFSQnu(z, 2,y,p,a).

Since a graded formal limit group is in particular a limit group, any properly
decreasing sequence of graded formal limit groups terminates. Therefore, if we
continue the above construction of maximal graded formal free decompositions,
graded formal JSJ decompositions and graded formal modular groups for each
of the factors, and then collect the (canonical) family of maximal graded formal
shortening quotients and assume each graded formal shortening quotient is indeed
a proper quotient, we are guaranteed that this iterative construction terminates.
When the process of collecting maximal graded formal shortening quotients which
are proper quotients terminates, we are left with either rigid or solid formal limit
groups. By Theorems 3.7 and 3.8, a rigid or solid formal limit group has the
form

GFL(-Tv %Y, D a) = Glim; (bvpv (],) *Term(3,z,p,a) GFCl(Sa Y, Dy a)

for some rigid or solid (not formal!) limit group Glim.(b,p,a). We continue
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the diagram with the graded (not formal!) Makanin-Razborov diagrams of the
(graded) rigid or solid limit group Glim,(b, p, a).

We call the obtained diagram the graded formal Makanin-Razborov diagram
of the system of equations ©(z, y, p,a) = 1 with respect to the graded resolution
GRes(y,p,a). We call each path in this (directed) diagram a graded formal
(Makanin-Razborov) resolution and denote it GFRes(x,z,y,p,a). Note that
with every such graded formal resolution one can naturally associate a graded
formal closure GFCI(s, z,y,p,a) of the original graded resolution Gres(y,p,a).
Also, note that every non-QH, non-abelian vertex group and every edge group in
the abelian decomposition associated with the terminal rigid or solid limit group
of the graded resolution GRes(y, a) with which we have started remains elliptic
along all the graded formal resolutions of the formal limit group GF L(z, z, ¥, p, a).

Theorems 1.18 and 1.22 prove that if an AF sentence is a truth sentence over
the set of specializations of some (ungraded) limit group, then there exist formal
solutions that may serve as “witnesses” for the correctness of the sentence in a
“generic” point.

Corollaries 2.5 and 2.6 state the existence of these “witnesses” in terms of
the formal Makanin—Razborov diagram associated with a system of equations
Y(z,y,a) = 1 with respect to a given well-structured resolution Res(y,a). Since
our “trial and error” procedure for quantifier elimination is based on finding
“witnesses” in strata of the parameter set, i.e., graded formal solutions that
satisfy the properties of Theorems 1.18 and 1.22 on *nice” subsets of the ambient
set of defining parameters, we present generalizations of Corollaries 2.5 and 2.6
in the graded framework.

COROLLARY 3.9: Let F, =< ay,...,ax > be a free group, let Glim(y,p,a) be a
graded limit group defined by the set of relations u1 (y,p,a) = 1,...,um(y,p,a) =
1, and let GRes(y, p, a) be a well-structured graded resolution of the graded limit
group Glim(y,p, a).

Let X(z,y,p,a) = 1 be a system of equations over Fy, and let

vi(T,y,p, @), - vr(T, Y, py @)

be a collection of words in the alphabet {x,y,p,a}. Let T(p) be defined by the
predicate

T(p)=Vy (u(y,p,a)=1,...,un(y,p,a)=1) Jr Z(x,y,p,a)=1A
Ay, poa) # 1, v (2, y,pya) # 1

If a specialization po € T(p), and (yo,pg,a) is a specialization of the terminal
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rigid or solid graded limit group of the graded resolution GRes(y,p,a), then there
exists a collection of formal resolutions

FR@Sl(I', 2, Y, Pos a)7 sy FRGSq(.T, ZyY, Do, a)
covered by graded formal resolutions
GFRes;, (x,2,9,p,0),...,GFRes; (z,2,y,p, a)

from the graded formal Makanin—Razhorov diagram of the system ¥(z,y,p,a) =
1 with respect to the graded resolution GRes(y, p,a), for which:
(i) The collection of formal closures

FCl](S, Zy Y, Pos a)7 ey FClq(s7 Z, Y, Do, a)
associated with the formal resolutions
FResi(z,2,9,po,a), ..., FResq(x, 2, Y, po, a)

is a covering closure of the (ungraded) resolution G Res(y, po, a) correspond-
ing to the specialization (yg, po, a).

(i) For each index i, 1 < i < g, there exists a formal solution x;(s, z,y, po, a)
that factors through the formal resolution FRes;(x, z,y,po,a), and a spe-
cialization (s}, 2, y5, po, @), so that for every index j

'Uj(ﬂ?i(Sé, Z(i)’ y67p01 (l), y(gvp()v a) 3& 1.

In particular, in case the above predicate is truth at py, then for any spe-
cialization (yo,po,a) of the terminal rigid or solid limit group of the graded
resolution GRes(y,p,a), the set of formal closures associated with formal res-
olutions covered by the graded formal resolutions in the graded formal Makanin—
Razborov diagram of the system ¥(z,y,p,a) = 1 with respect to the graded
resolution G Res(y,p,a) contains a covering closure of the (ungraded) resolution
GRes(y, po,a) corresponding to the specialization (yo, po. a).

In a similar way, we get the following corollary from Theorem 2.6.

COROLLARY 3.10: Let Fy =< ay,...,ax > be a free group, let Glim(y, p,a) be a
graded limit group defined by the set of relations uy(y,p,a) = 1,...,un(y,p,a) =
1, and let GRes(y, p, a) be a well-structured graded resolution of the graded limit
group Glim(y,p, a).
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Let Zy(z,y,p,a) =1,...,8.(2,y,p,a) = 1 be a collection of systems of equa-
tions over Fy, and let ¥1(z,y,p,a),...,%.(z,y,p,a) be a set of collections of
words in the alphabet {z,y,p,a}. Let T(p) be defined by the predicate

Tp)=Vy (wu(y,pa)=1,...,up{y,p,a)=1) 3z
(Z1(z,y,p,@) = 1AV (2, y,p. @) # 1)V-- V(T (z,y,p,a) = 1AV, (z,y,p,a) # 1).

If a specialization pg € T(p), and (yo, po,a) is a specialization of the terminal
rigid or solid graded limit group of the graded resolution GRes(y, p, a), then there
exists a collection of formal resolutions

FResy(x,2,y,p0,0), ..., FResy(z, 2,y,po, @)
covered by graded formal resolutions
GF Res;, (z,2,9,p,a),...,GFRes; (2, 2,y,p,a)
from the graded formal Makanin—-Razborov diagrams of the systems
i@y pya)s - Si,) (2,9, p, )

in correspondence, with respect to the graded resolution GRes(y, p, a), for which:
(i) The collection of formal closures

FCli(s,z,y.po,a), ..., FClg(s, z,y,p0,0)
associated with the formal resolutions
FRes\(x,2,9,p0,a),..., FResq(x, z,y, pp, a)

is a covering closure of the (ungraded) resolution G Res(y, po, a) correspond-
ing to the specialization (yg, po, a).

(ii) For each index i, 1 < i < g, there exists a formal solution x;(s, z,y, po, a)
that factors through the formal resolution F' Res;(z,z,y,po, a), and a spe-
cialization (s}, 28, y§, po, a), for which

\Il](z)(xt(sé)v Z(i)v yé;va a)? y(i))va a) # 1.

In particular, in case the above predicate is truth at pg, then for any specializa-
tion (Yo, po,a) of the terminal rigid or solid limit group of the graded resolution
GRes(y,p, a), the set of formal closures associated with formal resolutions cov-
ered by the graded formal resolutions in the graded formal Makanin-Razborov
diagrams of the systems

El(mv Y,D, CL) =1,.. -721‘(3:’ Y, D, (1) =1
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with respect to the graded resolution GRes(y,p,a) contains a covering closure
of the (ungraded) resolution GRes(y,po,a) corresponding to the specialization
(yth p(}sa)‘
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